NMPUKNAOHAA JUCKPETHAA MATEMATUKA

20XX HassaHue pasgena >xypHana Ne X

VIIK 519.725 DOIT 10.17223/20710410/X /1
AJITEBPOTEOMETPUNYECKUWE KOJIbI 1 X JTEKOJINPOBAHUE
HA OCHOBE IIAP, UCITPABJIAIOIIINX OIIINBKM!

E.C. Manpiruna®, A. A. Kyauner™, B. JI. Parouka™, A.T. Hdymienxko™, /1. f. Heiiman™

*MUIM HUY BIII, 2. Mocksa, Poccus
** Baamutickud dedeparvhoit ynusepcumem um. M. Kanma, 2. Kaaununepad, Poccus

E-mail: Ekkat@inbox.ru, artkuninets@yandex.ru,
willenst@gmail.com, dvplenko@mail.ru, reterior@yandex.ru

PaccvmarpuBaiorcst Teoperndeckue OCHOBBI AJredpanvdecKuX KPUBBIX U UX (DYHKITH-
OHAJBHBIX TOJIel, HeOOXOAUMbBIE s TIOCTPOEHUS AJrefpOreOMeTPUIecKuX KOJOB, a
TaKZKe TT1ap, UCITPABJIAIOIINX OI_T_II/I6KI/I7 C IEJIbIO UX ;LaaneﬁmeFo IPUMEHCHUA JIJId J1e-
KoJupoBanus KoqoB. [lpusenensl Teopus, HeobxoauMas Jiyid 0DOCHOBAHUS KOPPEKT-
HOCTH PAOOTHI AATOPUTMA AEKOIUPOBAHUS AAreOPOreOMeTPUIECKUX KOJOB HA OCHOBE
ap, UCIPABALAIONINX OMUOKH, U CaM aJrOpUTM JeKOIupoBaHus. PaccMoTpeHbl ipuMe-
PBI OCTPOEHUS ANTEOPOreOMeTPUICCKUAX KOIOB, ACCOIMMUPOBAHHBIX C D/IUITHIECKON
KpHUBOH, spMUTOBOH KpUBOH U KBapTuUKO# Kieltna, n aBHO 3aJ]aHbl TAPHI, NCITPABJISIO-
mpe OmuOKY, 71T TTOCTPOEHHBIX KOTOB.
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We consider the basic theory of algebraic curves and their function fields necessary for
constructing algebraic geometry codes and a pair of codes constituting error-correction
pair which is used in a precomputation step of the decoding algorithm for the algebraic
geometry codes. Also, we consider the decoding algorithm and give the necessary
theory to prove its correctness. As a result, we consider elliptic curves, Hermitian
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resulting codes.
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BBenenue

B nauasie 70-x rogos XX Beka poccuiickuii maremaruk B./l. [onna ycranosuii cBs3b
MEXKTY aaredpamvdecKuMyu KPUBBIMI HAJI KOHEYHBIMH TOJISIMU U KOJAME, HCIPAB/ISIONH-
MU OTHOKY, TPEI0KUB MOCTPOUTD KO/I, UCIOIB3Ysl JIN00 PAIMOHAJbHBIE (DYHKIHH, JTUOO0
muddepennuanbabie hopMbl Ha KpubbiX [1]. Cumranock, 9To MOCTpOEHHBIN KO/ 001814
XOPOIIMMHU XapaKTePUCTUKAMHE, €CJIM OTHOIICHUE YHUCJIa PAIMOHAJIBHBIX TOUEK KPUBO K €é
POy JOoCTaTOYHO BeqnKo. HoBasg ¢Bs3b MO3BOJIMIA IIy0:Ke U3YUUTH ACUMITOTHKY KOIOB.
Tak, B TO BpeMmsi Jjisi aHaiamu3a napamerpos [n, k,d]-koga C, rue n— jymHa, k— pa3mep-
HOCTh, d — MUHUMAJILHOE PACCTOSHWE, HAWIYUIIeHl HUKHell rpaHureil sBIs1ach TPAHUIA
Bapmamosa — 'mnbepra

R>1-H(Y),

riae R = k/n— ornocureibHas CKOPOCTh; 0 = d/n — acUMITOTUYECKOE OTHOCUTEJILHOE MU-
ruMasbHoe paccrognne kKoxa C; H(x) = —(vlog, v+ (1 —x)log, (1 —x)) — dbynxmus suTpo-
NN IIPH yCcJa0BuUHU, 4TO Ko C ompeneéH HaJ KOHeYHBIM mojeM F,.

Bcekope nocite pesyabraTos lonnet B 19821, M. Hdacman, C. Basayn u T. [lunk como-
CTABUJIN TTOCJIEIOBATEIHHOCTH KPUBBIX € TIOC/IEI0BATEIbHOCTIMA ACHMIITOTHICCKH XOPOTITHX
KOJIOB, PacCMaTpuBas MOIYJIsipHble KpuBbie u Kpubble [umypst [2|. Onn nokaszanu cyiie-
CTBOBAHEE TOCIE0BATENLHOCTE! KOJOB HaJl KOHEYHbIM nojeM F,, rae ¢ = p? mmm ¢ = p*
JIJIsI IIPOCTOTO P, TapaMeTPhl KOTOPHIX YJIOBIETBOPSIN I'DAHUIIE

1
Ny

st ¢ > 49 rpanuna Bimayna — [Hunka — [dacmana Jy4iie, yem rpanuiia Bapimamo-
Ba — ['mjibepra, MOCKOJAbKY rapaHTHUpyeMoe €0 3HAa4YeHHe OTHOCUTEJIbHONH CKOPOCTH 0OO0/b-
mre. Hezapucumo ¢. Mxapa mokazaja aHATOTHIHBIA pe3ysbrar [3] st 1106010 KOHETHOTO
nosd Fy, rae ¢ — KBaJgpaT IpoCTOro 4ucia, a UMEeHHO:

R>1-06-

R>1-6—A(g)

. max |C
S,ZLer A(q) = limsu w
g—+o0

pamndeckoit kpusoit C; g(C') — eé pog.

[Tostyuennstii [pacmanom, Birjpynem u [lunkom pesyibrar craji OCHOBOIOJIATAIONIAM
JIJIsT MHTEHCUBHOT'O MCCJIEIOBAHUS KaK KPUBBIX C OOJIBINIAM YHCIOM TOYEK, TaK U ACCOIH-
MPOBAaHHBIX € HUMH ajarebporeoMerpudecknx KoaoB (mamee ATl-komos). Tak, Hampumep,
A. lapcuss n X. [ITUXTEHOT HOJYYHJIA ONTHMAJIbHBIE IIOCJEI0BATEIbHOCTH KPUBBIX, IS
KOTOPBIX OTHOIIIEHUE YHCJIa TOYEK K POy JocTuraeT rpanuisl JIpuadensna — Bisayna [4].
Emé oxno manpasienne uccienosanmii AI'-KogoB KacaeTcss pa3pabOTKH TOJTHHOMHAILHBIX
aJTOPUTMOB JIEKOJIUPOBAHUS, UCIIPABJISIONIAX JI0 MOJOBUHBI KOHCTPYKTHBHOIO PACCTOSTHUS
1 gaxke Gosiee ormnboK.

OrmernmM, 9T0 MHOTHE cBO¥icTBa Al'-KO/IBI YHACIE0BAIN 3 CBOMCTB ODOOIEHHBIX KOIOB
Puna — CooMmoHa, KOTOpBIE, B CBOIO 0YePe b, MOKHO paccMaTpuBaTh Kak Al'-Koabl Ha mpo-
eKTUBHOH mpsMoit. OaHaKO eIé oTHOM MOTHBAIHENH HCCIeI0BAThH KOIbI, aCCOIUIPOBAHHEIE
¢ KpUBBIMHE OOJIBIINAX POIOB, ¢Taj caeaytomuii (pakT: auuna koga Puxa — Costomona, onpe-
JIeIEHHOTO HaJ| 3aJaHHBIM KOHeYHBIM noJsieM [, me mpesbimiaer ¢+ 1, B To BpeMa Kak MOZK-
HO nocTpouTh Al'-Kos NpOW3BOJIBbHON JIMHBL HAJ 33JaHHBIM (PUKCHPOBAHHBIM IosieM IF.
Kpome Toro, Kk uaTepecHbIM cBoficTBaM Al'-KOm0B, KOTOpBIE JIe1al0T UX IPUTOTHBIMH IS
OYeHb IMHPOKOTO CIIEKTPa MPUIOKEHUH, MOKHO OTHECTH caeayomue. Bo-nepsobix, AI'-Komasl

= /q—1; |C(F,)| — uncro F-pamuonanbubx Touex aared-
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MOKHO TIOCTPOUTH SIBHO, BO-BTOPHIX, A1 Al'-KomoB cymiecTByoT 3(hdeKTHBHBIE aJrOPHUT-
MBI JI€KOINPOBAHNUs, B-TPETbUX, I OOIBIIHHCTBa cemeiicTB AI'-KOm0B MUHIMAIbHOE Pac-
CTOSTHIME® HAXOUTCS JTOCTATOYHO OJM3KO K CBOeil BepxHeii rpanure — rpanuie CHHIITOHA,
B-4eTBEPTHIX, ayaJbHbI K Al'-Komay Kom Takzxke sapiagerca Al-KomoMm, B-ISTHIX, KBaIpaT
Al'-koma comepxkurca B mexomnoMm Al-koze, a 3agacryio coBuamaer ¢ HuM. Al'-Koabl Ha-
XOJAT CBOE MPUMEHEHNe B TaKUX IMPHKJIATHBIX 001aCTAX, KaK KPUNTOTpadus ¢ OTKPHITHIM
KJIIOYUOM, Teopus ajaredpandeckoil CJI0KHOCTH, Pa3/ieieHre CeKPeTa, a B IOCIeTHee BPeMs
1 B MOCTKBAHTOBOI KPHUIITOTPaU.

Hesrbio HacTosdmero 0630pa dapjsgeTcs IIpejcTaBienne 0a30BOi Teopuu (PYHKIHOHATb-
HBIX II0JICH, MO3BOJIMIONIEH OIMUCATH KAaK TEOPEeTHYeCKOe, TaK U HPAKTHYECKOE IOCTPOe-
aue AI'-KomoB, a TakzKe 0030p aJIrOpuTMa IeKOIUPOBAHUS HA OCHOBE Iap, HCIPABJISIONTIAX
omunOKu. PaccMOTpeHbl TPU ceMeiicTBa, KPUBBIX — 3JUIMITHYECKHE U 3PMUTOBBI KPUBBIE, a
TakyKe KBapruka Kueitna, s Koropeix moctpoerbl Al-komer. Jlms camMux KOIOB mOCTPO-
eHBbI MTapbl, UCITPABIIONINE ONMMUOKN, HEOOXOINMbBIE I BXOIHBIX MapaMeTPOB aJIropuTMa
JIEKOJIUPOBAHHUS .

1. IlpenBapuTe/ibHBIE CBEAEHUS N3 TEOPHUH AJTeOpamviecKuX KPUBBIX

Byzaem cumrtars, uto F, — KoHewHOE HOJe, comepaliee ¢ 1eMeHTOB; A" — adbdunHoe
npoctpaHcTBo Haz [Py, pasmeprocTH n.

Omnpenenenne 1. n-Mepnoe npoexmuenoe npocmpancmeo nad xorewnvim nosem Fo,
kotopoe Oyaem obosznadars P™(F,) mwin kparko P", cocTONT U3 KJIACCOB 9KBUBAJICHTHOCTH
(n + 1)-mabopos, oboznagaeMerx P = (21 : ... : Ty4q), tae x; € F,. Tlpu srom ornomenue
9KBUBAJEHTHOCTHU 33[aHO CJIEIYIONIIM 00pa30M:

(1) ~ (W1t Ya1) & = Ay g i =1, ,n + 1 u nekoroporo A € Fy.

Takoii KJ1acc 3KBUBAJEHTHOCTH P Ha3BIBACTCI Moukol NpoexkmueHozo npocmparcmed P"
a (n + 1)-Habop, onpegeasomuii TOUKy P, Ha3bIBAeTCs €€ 00HOPOIHBMU KOOPIUHATNAMLU.

OrmeTM, 94TO CYIIECTBYeT ecTecTBeHHOe BaokeHne A" — P™, takoe, 9to (21, ...,T,) —
= (x1 @ ...z, o 1). Toukw w3 P, nasg KOTOPBHIX X, = 0, HA3BIBAIOTCS OECKOHEUHO
YOANEHHDLMU TNOUKAMU.

Onpenenenne 2. Muorouren f € F [ Xy, ..., X, 1] HazpiBaeTcsa 0drnopodnvim mHozo-
YAEHOM CTereHn d, ecam st JTr0oro Habopa (1, ..., Tne1) € ]F’g+1 u jioboro A € Fy nmeer
MEeCTO COOTHOITIEHNE

f()\.Tl, ey )\ZIJn_H) = /\df(.Tl, e ,JI7L+1).

Ec/in MHOTOUJIEH SIBJISIETCS OHOPOJHBIM, TO €10 MHOYKECTBO HyJIell (KOPHEil) OlpeieIeHo
KOPPEKTHO.

i nenune 3. ™ S C 1y-n- 1] — MHOXKeCTBO O1H HBIX MHOT'OUJIE-
Onpenenenne 3. Ilyctn S C F | Xy,..., X, 02KeCTBO OTHOPO orode
HOB. Mnootcecmso myaeti MHO204AEHO8, ACCOUUUPOSAHHBLT ¢ S, 0DO3HATHM

Z(S)={PeP": f(P)=0 nua scex f € S}.

[ToamuoxkectBo Y C P" Ha30BEM NPOECKMUSHbIM AA2EOPAUMECKUM MHONMCECTNEGOM, €CITH
cymecrsyer muoxkectso S C F [Xy,..., X, 11] OJHODOJHBIX MHOTOWIEHOB, TAKOE, UTO
Y =Z(9).

Hoearom anzebpauvecrozo mmoscecmea Y uazpiBaerca ugean I(Y), mopoxKIéHHbI
MHOZKECTBOM OfHOpOaHbIX MHOrowieHos f € F,[Xy,..., X, 1] Tak, uro f(P) = 0 maa
Bcex P €Y.
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Omnpenenenune 4. IIpoexmushvim mHoz000pasuem Oy1eM Ha3bIBATH HEIPHBOANMOE 3a-
MKHYTO€ (B CMBIC/IE TOLOJOIHH 3apucckoro [5|) moxmuoxecrso B P

Onpeaenenne 5. Ilycts Y — anrebpandeckoe MHOXKecTBO. OpeneuM koopduram.-
noe koavyo auist Y kax dakrop-koubuo F,[Y] =F [ Xy, ..., X,]/I(Y).

Pacemorpum ogaopognsle Muorownensl f,g € F[Xy,..., X, 1] onmumakosoit crerme-
au, npuaém g ¢ I(Y), u Oyaem cumrarh, uro Y — HeKoTOpoe MHOTOOOpasme. JIpobn
f/g € F Xy, ..., X1] Ha3bIBaeTCH payuonarvrol gynryuet naY . Drnemenrst f/gu f'/g

ONpeNeNISIIoT OfHY W Ty »Ke paruoHanbHyo dyukmumo, ecin (fg — f'g)(P) = 0 miaa
Bcex P €Y.

Omnpenenenune 6. [oaem dynxyui Fy(Y) muoroobpasust Y nas3bBaeTcs HOJIE Palu-
oHaJabHBIX (yHKIU Ha Y. Pasmeprocts Y man I, onpenenserca Kaxk cTemneHb TpaHCIEH-
nerrnocra F(Y).

Taxum obpasom, npoexmuenyro kpusyro, onpedeaénnyro nad noaem Fy, MoxKHO onpene-
JUTH KaK MHOTooOpasme pasMepHocTn ogun Hag . IIpuseném marnaameiii mpumep.

IIpumep 1. B addunnoit miockocTu HajJ KOHeUHBIM IojieM F, paccMOTpHUM MHOTO-
obpasue X, onpeeéHHOe OJHOPOIHBIM MHOrOUIeHoM Y27 — X3 — 73 crenenn 3. O6o3na-
anm ¢ = X/Z nwy = Y/Z. Tone dyuxuuit F,(X) cocrour ux snemenros suna f/g, rue
[, 9 € F,[z,y]. [lockoabKy y ynoBIeTBOPAET ypaBHeHuio y? = x4 1, T0 cTenenb TpaHCIEeH-
nertHoctr F(X) mag F, pasra 1. Takum o6pasom, MHOTOOOpasne X sIB/IseTCS KPHBOIL.

[Tockonbky npu moctpoennn Al'-koa MBI HCTIOTB3YEM KPUBYIO, OMPeIeIEHHY 0 HAJT KO-
HEYHBIM [I0JIeM, TO TI0J, IpoeKTuBHON KpuBoit X /IF, Ha 1 KoHeunbIM mosteM Oy/ieM MOHUMATD
npoekTupHyio kpusyto X C P*(F,), onpeessgemyio oHOPOIHBIM MHOTOWIEHOM ¢ K03hhu-
nuentamu B F,, vae Fq — asrebpandeckoe 3aMblkanue F,. ITpu sToM mose parmuoHaIbHBIX
dbyuxuuit kpusoit X' ¢ koaddunuenramu uz F, 6ynem obozunasars F (X), ono sasisercs mo-
aem dyukunit kpusoit X' /F, uan eé Gynknuonassueim moseM. MHOXKECTBO TOYeK KPHBOI,
uMeIonux Koopaunarel B F,, obozmagaerca X (F,). Takwme toukn massiBaiorca F -payuo-

HAAbHBLMU TOTIKAMU KpUBOH X .

2. IlpeaBapurenbHblie cBeleHU U3 Teopun (PYyHKIMOHAIBHBIX IIOJIEi
CymecTByeT aJbTepHATHBHOE OIpejeeHne (DYHKIHOHAJIBHOIO IOt 0e3 Hemocpe-
CTBEHHON IIPUBA3KN K KPUBON.

Omnpenenenne 7. Anzebpauueckum dynryuonarvnoim nosem F/F, om odnoti nepe-
mennotli naspiBaeTcd pacimmpenne [’ momsa gy, takoe, aro F' aBiagercda KOHEYHBIM ajred-
pamdeckuM pacmumpenneM o F,(z) ana mekoroporo saementa x € [ apasiomierocs
TpaHCIeHIeHTHbIM Hal .

B neiicrButebHocTH J11000€ (PyHKIIMOHAIBHOE 110J1€ F' OT 1 IePEMEHHBIX TPEJICTAB/ISAET

coboit mose npobeit Frac (Fq (1,29, ..., x|/ f(21, 22, . .. ,xn)), YUCJNTEJN U 3HAMEHATEIN
KOTOPBIX SIBJISIOTCA MHOTOYIEHAMH OT IIEPEMEHHBIX T1, Ta, . . ., Ty, ¢ KO3 dunmentamu B I,
C YI€TOM PeLyKIUK 10 MOAYIIO f(X1, T, ..., %), TOe f(21, Za, ..., 2,) € Fylay, 20, ..., 5] —

abCOIOTHO HEIPUBOAMMBII MHOTOYJICH.

CorylacHo cka3aHHOMY, JaJee OyjaeM acconnuposarh ¢ Jo6oii kpusoit X /F,, 3a1anH0i
muorowtenoMm f(xy, xq,...,x,) € Fylxy, zo,...,x,], €& none dbyukuuit (bynknuonaabnoe
noe) F' = F, (X) u magum psg 6a30BBIX OLpefetennii Teopuu (GyHKIHOHATBHBIX MOJIEi,
HEOOXOAMMBIX IS HOCTPOCHHS MATEMATHIECKAX 00BHEKTOB, KOTOPBIE HYKHBI JJId OHpee-
stennst u noctpoenust Al'-koza.
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Onpenenenne 8. OmnpenenuM Juckpemuoe HOPMUPOBAHUE HYHKUUOHANOHO20 NO-
aa F/F, kak QyHKImo
v:F — ZU{oo},

0018 IaFOIIY IO CJIeIYIONIUME CBOMCTBAMMU:

— v(r) =00 & = 0;

— v(zy) = v(z) + v(y) mag Beex x,y € F;

— v(z +y) = min{v(z),v(y)} ans Beex x,y € F;
— cymectByer x € F| takoii, uro v(x) = 1;

— v(a) =0 mias Beex a € F*.

Onpenenenne 9. Koavyom nopmuposarus byuxkunonaasuoro nons F/F, na3piBaer-
cst kosbiio O C F, rakoe, uro Fg & O & F u qos seskoro f € F qubo f € O, aubo
fteo.

OrmernMm, 410 Mmoukotd dbyHKInOHAIBHOTO notsA F/F, ABIderTcsa MakcHMAaIbHBIR He-
aJl HeKOTOpOoro Kosibia Hopmuposauus O 3roro nojsi. Takum obpazom, ecim O — KOIBIO
nopmuposanus nojst F/F, u P — ero makcumasnbustii uaeast, 10 O eJUHCTBEHHBIM 00pa30M
onpejensiercs ¢ nomombio P, a umenno, O = {f € F: f~! ¢ P}. Tlosromy jajee BMeCTo
O 6yznem nucars Op, a Bce Toukn dbyHKIHOHAIbHOIO ot F/F, 6ynem oboznadars Pp.

CorytacHo cBoiicTBaM MaKCHMAaJIbHBEIM uiean P kouabia HopMmupoBanus Op sSIBISETCS
rjaBubeiM, T.e. P = t,0p. [Ipu 3T0M 3/1eMeHT tp HA3BIBACTCH AOKAALHBIM WA YHUDOPMU-
BYNUUM NAPAMETPOM.

C kazkmpoit Toukoit P € Pr accomumpyeM ANCKPeTHOE HOPMHUPOBAHKE CJAELYIIIM 0Opa-
3oM. Begkwuii anevent f € F uMmeer equHCTBeHHOE mpejcrasienue [ = thu, rae u € Of =
= Op \ {0} u n € Z. Oupenesum JeicTBHE TUCKPETHOIO HOPMUPOBAHUS HA IJIEMEHTHI
GYHKITMOHAJIBHOTO TOJIA F' cIe IyIOmuM 00pa3oM:

vp(f)=n u vp(0) = oc.

QyHKIUA Vp, JeHCTBUTEIHHO, VAOBIECTBOPAET BceM cBoiictBaMm Onpejesienus 8.

Omnpenenenne 10. Bygem roBoputs, uro Touka P aBaserca wysém pyaknun [ Tormga
u TOJIbKO Toraa, Korjaa vp(f) > 0, n sBasiercs: noaocom GyHKIUK f TOrIA ¥ TOJIBKO TOT/A,
korya vp(f) < 0.

Omnpenenenne 11. MuoxkectBo Touek Ppr nmopoxpator abesneBy rpyminy Dp, Ha3biBa-
eMyIo epynnot dususopos nosis F/F,. Daement rpynnst Dy nasbiBaercs dususopom GyHK-
nuonaipHoro noss F/IF, n npencrasiser coboil (bopMalbHYIO CyMMY TOUEK

D= > npP, tiae np €Z ununouru Bce np = 0.
PePr

Hocumenem dususopa D saBasieTcss MHOZKECTBO
supp(D) = {P € Pr : np # 0}.

s Touku P € Pr u nquBusopa D onpeiesiuM Hopmuposarue dusu3opa 6 movke P Kak
vp(D) = np. Takum 06pa3oM, MBI MOKEM MEPE3ANNCATH TUBU30P CJICAYIONIIM 0OPA3OM:

D= Y up(D)P.

Pesupp(D)

OrMmernM, 4To B rpynie Dy onpeeeHo 4acTHYHOE yIOpsaoYnBanue. bygeMm cuurars, 94ro
Dy < Dy Toraa u tobko Toraa, koraa vp(Di) < vp(Ds) mias secex P € Pp.



6 E. C. Manbiruna, A. A. Kyuunney, B. /1. Patouka, A.I. Aynnenko , [. 5. Heiiman

Takxke onmpeaejiuM CmeneHs 0ueu3opa

deg(D) = >  wvp(D) deg(P),

PePp
re deg(P) = [Op/P : F;| — crenens pacumpenus nons Op/P nan F,, koropoe n3oMopdHO
HEKOTOPOMY KOHEUHOMY IOJI0, fABJjdioleMycd pacimupenueM nond [F,. Touku cremenn 1
dbyuxunonaasuoro nost F/F, coorsercrsyior F -pannonanbuniv roukam kpusoit X /F,.

Omnpenenenne 12. Ilycrs f € F'\ {0}. O6osnaaum uepe3 Z (depe3 N) MHOKECTBO
uyeit (nostocos) f B Pp. Torma anst dyuknuu [ onpenennm eé dususzop nyaets:

(f)o= 22 vp(f) P;

PeZz

()UGUSOP NnoAMN0CO6:

(floo = 2 (=vp(f)) P;

PEN
2na6HbLl JUBU3OD:
(f) = (o= (e
Fnasuyo posib B onpeaenennn Al'-koma urpaer mpocrpanctso Pumana — Poxa:

Onpenenenune 13. Ilpocmparcmeom Pumana — Poxa, accoyuuposarnvim ¢ 0ueuso-
pom D € Dp, Ha3bIBaeTCd MHOXKECTBO (DYHKIIHI BuIa

Z(D) ={feF:(f) >-D}u{0}.

Ormernm, a0 £ (D) sIBIsSIeTCS KOHETHOMEPHBIM BEKTOPHBIM HpOCTpaHcTBOM Ha [Fy, a
ueoe yucsio dim(D) = dim .Z (D) nassiBaercst pasmeprocmoio dususopa D.

B cuny mzomopdusma F,(X) = F/F, pox anreGpandeckoil KpuBOil COBIAAALT ¢ POAOM
eé 1moJist PpyHKITuii.

Ounpexnenenne 14. Pod gynxyuonasvrozo noas F/K onpemenén kak
g = max{deg(D) — dim(D) +1: D € Dp}.

3. AT'-xkoxabl

[TokaxkeM, Kak 3a/J1aéTcsl KO/, aCCOIUUPOBAHHbBIN C (PYHKIIMOHAJBHBIM I10JIEM aJiredpa-
n4yeckoil KpuBoil. Takue KOJbl, KaK yzKe CKa3aHO, HA3BIBAIOTCI MeOMETPUYCCKUMHU KOJTAMHU
Tommbr mymm AT-kopamn.

3adukcupyem ciaemyonime 0603HATEHWS:

— F/F, —anre6panieckoe GbyHKIHOHATBHOE MOTE POJIA ¢
— Py, P, ..., P, —nonapuo pazauuusie Toukn nous F/F, crenenn ogu;
— D=P +...+ P,— muBuzop Dp;
— G € D — 1akoii quBuzop B Dp, uro supp(G) Nsupp(D) = 2.
Ounpenenenne 15. Al-kon Cy (D, G), accoruuposanubiii ¢ qususopamu D u G, onpe-
JIEJIEH CJIELYIOIUM 00pa3oM:

Co(D,G) = {(f(P), ... f(P) : f € Z(G)} CF™.

Ormerum, ato Besikuii Ko Cy (D, G) MOXKHO OXapakTepu3oBaTh napamerpamvu [n, k, d),
rie n— UinHa Koja (duesio Tovek B 3amucu auBu3op D); k — pasMepHOCTb Koja (pasmep-
HoCTh TpoctpancTBa Pumana — Poxa Z(G) wm dim(G)); d —MuHEMATIBbHOE PACCTOSHHE
Ko/ (MUHAMAJIBHOE YUCIO OTIXYHBIX OT HYJId MO3UIUH B KOJOBBIX CJIOBAX).
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Cormacuo [6, Theorem 2.2.2|, AT-kon Co (D, G) apasercsa [n, k, d]-KoaoM, Ibu mapaMeT-
PBL YIOBJICTBOPSIOT CJACAYIONUM YCJIOBUSIM:

k =dim(G) — dim(G — D), d > n — deg(G). (1)

Vreepxkaenue 1 |6, Corollary 2.2.3]. Ecau deg(G) < n, T0:
— Cg(D, Q) asasiercs [n, k, d]-konom, tae d = n—deg(G) u k = dim(G) > deg(G)+1—g;
— ecau B gononnenue deg(G) > 2g — 2, 10 k = deg(G) + 1 — g;
— ecau {f1,..., fr} —6asuc npocrpancrea £ (G), To MaTpuna

filP) fi(Py) oo fu(P)

fa(P) fa(P2) o fa(P)

_ kxn
G- € F

foP) f(B) o fulP)

SIBJIsIETCsT TIOpOKAatorieit Marpureil kona Cy (D, G).

U3 obmieit Teopun komupoBanusa ormeruM, 9to Co (D, G) = {2G : x € IF’;} U IIPOBEpOU-

Has marpuna xkoga H € F},"_k)xn yaosaersopser yeiosuio Het = 0, rae ¢ € Co(D, G).

Ba)KHbIM O6’b€KTOM B TeOpUuu KOJAUPOBaHUA ABJIACTCA HHOHATHEC AYAJIbHOI'O KOda K KO/Y
Cy(D, Q). B neiictBureibHOCTH €10 cTPYKTypa caoxkuee, Hexenn Cy (D, G), TOCKOIBKY CO-
npsi’KeHa ¢ npocrpancTsoM jguddepennuaon. g 6oiee qeTaabHOr0 03HAKOMIEHUS CTOUT
obparuTbest K [6]. 3mech MBI mocTapaeMcst yIPOCTUTh MOHUMaHUe JyaibHoro Al-koma, He
BIAaBasCh B TaKWe MOHATHs, KaK HpocTpaHcTBO auddepeniuanos, auddepeHnuaabHbIi
IUBU30D, A€ U BBIYETHI, & OMUPAICh UCKIIOYATEIBHO Ha CBORCTBO AyaIbHOCTH.

Janee nyaJbHblil Ko OyaeM 0b603HAYATD

Cy(D,G)r ={z € Fy : (z,c) =0,Vc € Cx(D,G)},

n
rae (x,¢) = Y 161 + ..., Tpcy. OdeBuaHO, 410 TOrJA NHpoBepodHasi Marpuna H koua
i=1

Cy(D,G) aBngerca nopoxaaiomeii mMarpuneit xoga Cy(D,G)L. CooTBercrBenno, npe-
CTaBJ/IsAsl TOPOK/IAIONIYIO MaTpuily B cucremarndeckoii dopme G = (Ix|A), rae I —enn-
HUYHAs MaTpuia pasMepHoctu k X k u A € IF’;X("*’“), Mbl 0€3 Tpy/ia MOKeM IIPUBECTH
IPOBEPOUHYIO MaTpuily K cucremarnueckomy supy H = (—AT|I, 1), rae I, ) — ejunuy-
Has MaTpuia pasMeprocru (n — k) X (n — k), 1 Kak cJIeJCTBAe TOCTPOUTH JIyATbHbIH KOJI.
Kpowme Toro, 6yaem cautarh, 910 Koj C ABIdeTcda caMoiyaabHbiM, ecan C = Ct.
Cornacuo [6, Theorem 2.2.7], eciiu 2g—2 < deg(G) < n, ro ATl-kon Co (D, G)* apagerca

[n, k', d']-xomomM, 4bu mapaMerpbl YI0BAETBOPSIOT CJIEILYIONIAM YCIOBUSIM:
K'=n+g—1-deg(G), d > deg(G) — (29 — 2).

Yem GoJiblile MUHHMAJIBHOE PACCTOSHHIE KOJIa, TeM OOJIbIee YUCI0 OMMOOK MOXKHO HCIIPAa-
BUTh. K coxalennio, B OTJIMYHe OT JIMHBI U Pa3MePHOCTH KO3, KOTOPbIe MOXKHO BBIUHC-
JIUTD SIBHO, B OOIIEM CJIy4ae MEHUMAJIbHOE PACCTOSHIE HMEET JIMIIb HUKHIOK IPAHUITY (Kak
YKa3aHO BHIIe) W BEPXHIOI TpaHuily — rpanuiny CHHIJITOHA:

d<n+1-—k.

Od4eBUAHO, YTO MEHbIAas Pa3MEPHOCTH JaéT 6oJjiee BHICOKYIO BEPXHIOIO I'PAHHUILY JIIs MHHH-
MaJIbHOT'O paccTossHus Koga. OIHAKO OJHUM U3 HeOOXOTUMBIX CBOHCTB KOJIa SIBJISETCS €ro
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OTHOCHUTEIHHO BBICOKASsT PA3MEPHOCTD, MOCKOJIBKY /IS 33TAHHOTO KOJTOBOTO cjaoBa [n, k, d|-
KO/1a JIMIIb k KOOpJAMHAT cofepzkar (pakrudeckywo nHdopmaruio. /Ipyrue n — k KoopauHat
UCITOJIB3YIOTCS JIJI CO3/IaHUs M30BITOYHOCTH W BO3MOYKHOCTHU HCIIPaB/IeHUs OMMOOK. Kc-
Ju k BeJHKO, TO 3HadYeHue k/n, oTBedarolee 3a CKOPOCTD Iepeiadn WH(MOPMAIn, TaKKe
BBICOKO, UTO O3Ha4YaeT Pp(PeKTUBHOCTDH UCHOJIB3YEMOTO KOJa. Y YUTBhIBAS BEPXHIO I'DAHU-
iy CHHIVITOHA, MBI MOXKEM He MOJYUIUTH OOJIBIIOr0 3HAUEHUs MUHHMAJIBLHOTO PACCTOSHHSI,
OJTHAKO BCEr/a CYIECTBYET KOMIPOMECC MEXKIY CKOPOCTBIO Tepenadn nH(MOPMAIIMH U CIIO-
COOHOCTBIO KOJIa UCIPAB/IATH ONTUOKHU.

Kax 1mokaszano Bbilite, MUHMMAaIbHble paccrognug koios Cy (D, G) u Cy (D, G)* umeior
HUKHHE TPAHUIBI

d=n—deg(G) u ¢ =deg(G)—2g9+2,

KOTODPbIE HA3BIBAIOTCS KOHCTMPYKMUBHOM MUHUMAALHOLM PACCTNOAHUEM COOTBETCTBYIOINIETO
Kozia u obecrmednBaloT ncnpasienne mo kpaifneit mepe |(9(6') — 1)/2] ommbok. B obmem
cJydae paccMaTpuBaeMble KOJIbl MOy HcnpaBuTh He Oosibite | (d(d) — 1) /2] ommbok, rae d
u d’ — muranManbable paccrogaust kKoaos Cy (D, G) u Cy(D,G)* coorercTBenHo.

4. J/TekomupoBaHUe Ha OCHOBE Map, NUCIIPABJAIOIINX OMINOKMT

OHO M3 BayKHEHITHX YCJOBHI MPUMEHMMOCTH TOTO WJIH WHOTIO KJIACCa KOJOB B KPHII-
torpacdun — cyiecrsoBanue 3pMEKTUBHOTO aAropuT™Ma JEeKOJUPOBaHUs i Hero. Pas3y-
MeeTcs, JeKomupoBaTh Al-KOIbl BO3MOMKHO, HCIOJB3Ysl Bce GA30BBIE AJTOPHUTMBI, CIIpa-
BEJIJIUBBIE JIJIs1 JTMHEHHBIX KOJOB, OJHAKO YCJIOBHIO (P HEKTUBHOCTH OHU HE YIOBJIETBO-
pator. CyimecrByer psiyi Mojudukaiuii ajaropurma JIeKojaupoBanust bepseksmiia — Mac-
cu anst AT-kogos. B [7] ommceiBaercst comcovHbIi aaropuT™ JeKOIMPOBAHUS, PAbOTAI0-
muii 3a moJMHOMHKANbHOE BpeMms s joboro AT-koma C ¢ mapamerpamu [n, k,d| npu
wt(e) < n —y/n(n—d), tae wt(-) obosnauaer Bec BekTopa. Ommako Hambosee sdhdexk-
TUBHBIM /1711 A['-KOJIOB B HACTOsIIIIEe BpeMsl SIBJISIETCS aJITOPUTM JIEKOIUPOBAHUSI HA OCHOBE
nap, ucnpapisonux omubkn. OH mpejcTaBaseT TakKe OOJBITON HHTepec ¢ KPUITOTpa-
dbuaeckoit ToUKH 3peHusi, MOCKOIBbKY B [8] mpeaiokena araka Ha npousBoJbHbI Al-Kox,
B OCHOBE KOTOPOI Jexkar nmapbl, ucnpapistonme omuoku. CA0KHOCTb JeTepMUHIPOBAH-
Hoit araxu pasna O(n'log(n)), ojHako HpUMeHeHHEe BEPOATHOCTHOIO IIOJIXOJA II0O3BOJIAET
YMEHBIIATDH CJI0:KHOCTH 10 O(n3t€log(n)). Takum o6pa3om, Iaphl, HCIPABIAIONIAE OMIHO-
KM, UTPAIOT BAKHYIO POJIb B KDUITOAHAIN3E MPUMUTHBOB, TIOCTPOEHHBIX ¢ HCIIOIH30BAHTEM
AT-ko10B.

4.1. Ilapbl, ucupaBjagionue OMUDKH

Npes wucnonb3oBaTh nHapy JIMHEHHBIX KOJIOB I JIEKOJMPOBAHUS IOSBUJIACH €IIE
B 90-x rr. XX Beka u mpeoxkena B [9]. Tlepes Tem Kak OmucaTh aJropuTM™, BBEJAEM Dsij
0003HaUEHUII.

Omnpenenenne 16. Ilycrs a,b € Fy. Ilpouseedenue Illypa deyzr éexmopos onpees-
eTCd KaK IIPpOou3BeaeHne NX COOTBETCTBYIOINUX KOOPDAUHAT, & UMEHHO!:

(a1, ... ap) % (by, ..., by) = (a1by, ..., axby),

(ay,...,a,)" = (a,...,a%).

Anasormuso ompegenennio 16, BBenéMm omnpeaenenne npouspegenus Illypa mis aByx
muoxkecTB. I[lycts A, B C [y, rorma ux npoussenenne lllypa onpenesnsercs cieayommm
obpa3oM:

AxB={axb:a€ A, be B}.
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Onpenenenne 17. Ilycts C € Fy —mneiiapiit kox. Torma mapa JHHEHHBIX KO-
o (A, B), tie A, B C [y, nasbiBaerca napotd, ucnpasasowed t owubok, nia xoxa C,
€CJIN BBITIOJTHSIOTCS CJIEJYIONTHE YCIOBUS:

1) AxBC cL

2) k(A) >

3) d(Bt) > t

4) d(A)+d(C) >n

3mech k(-) u d(-) — pa3sMepHOCTH I MEHUMAJTIBHOE PACCTOAHUE COOTBETCTBYIONIErO KOJA.

3ameuanme 1. I[lyukT 4 B onpeaenenun 17 MoxkeT ObITH 3aMEHEH SKBHBAJECHTHBIMU
YTBEP K IeHUSIMU:

— d(A*) > 1;
— d(A) >n—2t.

B o6oznavenusix onpeenenus 17 d(C) > 2t + 1. Ha npaktuke BMecTo yeaoBus 1 9acto
nyT Komawl A, B, Takne, uto A * C C BY. DTo m03B0IAET COKPATUTH BLIYHCICHUS s
ycJIoBHUS 3.

B [10,11] omucans yeaoBust cyIiecTBoBanus KojoB A i 3, cOCTaBISIIONAX APy, HCIIPAB-
JSIOTIY 0 T omuboK; B [11] npuBe/ieHbl TakzKe HpUMEPDI CYIIEeCTBOBAHMS 1AD /U1 HECKOJbKHX
CEeMENCTB KOJOB.

YrBepxkaenue 2. llycts F — dyHKImonaapHoe note pona g; D = P+ ...+ P, —
JINBU30D, HOCUTE/Ib KOTOPOrO0 COCTOUT W3 TOYEK cTeneHu omawH nojs F; G, H — quBu3opsr,
takue, 410 deg(G) > 2g, deg(H) > 2¢g + 1 u supp(D) N {supp(G),supp(H)} = @. Toraa

C4(D,G) % Co(D, H) = C#(D,G + H).

U3 yreep:xaenus 2 caeyer, uro napa (A, B), tne A =Cy (D, H)u B=Cq¢(D,G— H),
deg(G) > deg(H) > t + g, deg(G — H) > t 4 2g — 2, aBisercd mapoii, uCHpas/gioneii
t omubok, aug koga Co (D, G) .

Ecmun nna Al-koma Co (D, G) Beimonaserca yeiaosue n > deg(G) > 2g — 2, TO KOH-
CTPYKTHBHOE paccrognue ayaabnoro K Hemy koga 6(Ce(D,G))t = deg(G) +2 — 29 u
Beera Haiigérca napa koiaoB (A, B), ucnpasisiomas | (§ — g — 1)/2| omubox.

PaccmorpuM pasmeprocTh Koga A * B, 11 9TOro BBeJIEM MOHATHE CTabuIn3aTopa.

Omnpenenenne 18. TIlycrs C C Fy. Cmabuausamop xoda C onpesensercsa Caepyomnmm

obpazowm:
stab(C) = {z € F, : Ve € C(zxc €C)}.

Teopema 1 [12, Theorem 2.11|. Tlycrts A, B — suneiinsie kKo/p1. Torma
k(AxB) > k(A) + k(B) — k(stab(A % B)).

Jlunefinplii KoJ uMeer Crabu/n3aTop, Pa3MepHOCTh KOTOPOIO HPeBOCXOAUT 1, Torua u
TOJIHFKO TOT/IA, KOTJIA KOJL SIBISIETCS MPsiMOii cyMmoii 1Byx moakonos Co¢ (D, G) u C4(D,G')
C HellepeceKaloNIMUCcA HOCUTeaaME Aupr30pos G 1 G niu nopozkiaamomad MaTpHIa KoJia
uMeeT HyJaeBoit croaben. B nporusnom ciayuae k(A x B) > k(A) + k(B) —

42. ATTOpPUTM HeKOAZHUPOBAHUSI

Jlasiee paccMOTPUM aJrOPUTM JEKOIMPOBAHUSA, IpeIozKeHHbI B [9]. BBeaém psx 06o-
3HAYECHUH.

Ompegnenenne 19. lIlycrs J = {ji,...,j} C {l,...,n}, v = (v1,...,2,) € F} u
A C FFy. Torpa:



10 E. C. Manbiruna, A. A. Kyuunney, B. /1. Patouka, A.I. Aynnenko , [. 5. Heiiman

1) Ly = ($j1v""xjs);

2) Z(x)={ie{l,...,n} :x; =0};

3) Z(A)={ie{l,...,n}:a; =0 nna Beexa € A};
4) A(J)={ae€ A:a;=0}.

[Tycts Cy(D,G) — Al'-kox ¢ mapamerpamu [n,k,d|, y = ¢ + e — npuHATHI BEKTOD,
I, = {i:e; # 0} =supp(e), (A, B) —napa, ncrnpasisitormas ¢ omubox, 11 koga Cy (D, G).

AJTopuTM JIEKOIUPOBAHUA MOYKHO PA3/I€IUTh HA JBE YaCTH:

1) momck muoxectsa J D I, tue |I.| = wt(e) < ¢

2) BOCCTAHOBJIEHWE HEHYJIEBBIX TMO3WIHH BEKTOPA OTMTHOKH €.

Ha nepsBom mare neo0xoiuMo HAWTH MHOXKECTBO, PABHOE WJIU COJEpzKalinee B cede mo3u-
U OMMOOK B MOJIydeHHOM C0Be. CJI0XKHOCTD ITOH MPOTEAYPhI 3aKTI0YACTCS B HE3HAHUH
9JIEMEHTOB MHOKeCTBa [.. st HaxoxaeHust J ucnosip3yor napy koaos (A, B).

Vreepxkaenue 3 |9, Theorem 2.14|. Ecom k(A) >t u || < t, ro A(l.) # .

Pacemorpum muO)kectBo M = {a € A : (a xy,b) = 0 musa Bcex b € B}, sapasgmoneecst
apom oTobpaxkenust ¢: a — (b {(a*y,b)).

Vreepxkaenue 4 |9, Proposition 2.9|. Ilycts y = ¢ + e —upunsarsii Bektop, I, =
= supp(e), C C Fy — mneitnbiit kox. Ecim A x B C C*, To

1) A(l) €M C A

2) ecmu d(BY) > t, T0o A(I.) = M.

Eciu napa sureiinsix koaoB (A, B) yaosiersopsier coiictBam 1 u 2 onpesenenns 17,
TO MHO)KeCTBO Z (M) He siBIsieTcsl TPUBHATBHBIM U CONEPKUT [.. Pazymeercs:, Ha mpakTHKe
ie 00st3aTesbHo Gparh B Kadectse J mMenuo Z(M). DTo He onTHMATIBLHO BBUIY OOJIBINOL
BLIYUCJIATEIBHOMN CII0KHOCTH.

Sameuanne 2. [lyctb a € M u M = A(l.). Torna I. C Z(a). CregoBaresnbo,
B KQ4eCTBe MHOXKECTBA J MOKHO HCIOJIL30BaTh J = Z(a).

Sameuanwue 3. Haxoxnenne muoxkectsa M = {a€ A : (a*xy,b) = 0 nas Beex be B}
CBOJIUTCS K BBIYUCJCHUIO JIEBOTO /1P MATPHIIBI, COCTABACHHOI U3 00pa30B 6a3UCHBIX BEK-
TOpOB Koja A, HOJyYeHHBIX MpUMeHeHHeM oTobpazxenus ¢: a — (b — (a * y,b)), 4ro
9KBHUBAJIEHTHO BBIUUCJICHHIO TTPABOTO si/Ipa MATPHUIILI JTHHEHHOTO OTOOpaYKeHUsT ¢.

Ha BropoMm 1mare meo6xopumo pemuth cuctemy ypasuenuii. [lycte H — npoepounas
MATPHIA, UMEIOIast 1 cToabnoB, J = Z(a) — MHOXKeCTBO, BeiUHCIenHoe Ha mare 1. Torma
H; — noamatpuria, 9pu ¢TOAOIBI TPOUHIEKCHPOBAHBI dJIeMEHTAMI MHOYKECTBA J, U HEHYJIe-
BbI€ MMO3UIUU BEKTOPA € MOXKHO HAWTH, PENIUB CJIEYIONLYI0 CUCTEMY:

Hyut = Hy'. (2)

OrmeTnM, 9TO perieHre CHCTeMbl (2) B 00IIeM cilydae He eMHCTBEeHHO.

Teopema 2. Ilycrb st napsl KouoB (A, 3) BBITOJHSIOTCS YCIOBUST YTBEPXKIeHUST 4.
Ecmu d(A) +d(C) > n, k(A) >tu T = Z(a), 1o |J| < d(C) u cymectByeT He 6osiee OTHOTO
perennst cucrembl (2).

Hoxazameavemeo. llycrs I, C T = Z(a),a € M, |I.| =t u y = ¢+ e — nonydeHubii
BekTOp. Onpenesmm oToOpazKeHune

t n
]Fq—>IFq,

Ry(r3) = (21, ..., 2,) €Fp,z; = 0,ecmm i ¢ 3, w2y = x5, ecmm i € J.

Rji



Al-koabl n ux gekoaupoBaHue Ha OCHOBE Nap, UCNPABASAOLNX OLLINOKY 11

Ouesmano, uro Hyed = H - Ry(e5)T = He® = HyT. Takum o6pasom, cucrema (2) mmeer
perenue ey .

Teneps jokaxkem exuucrBenHocts pernenust nupu d(A) + d(C) > n u k(A) > t. Ecin
HAIIIOCH €IIE OJIHO PENICHUE CHCTEMBI, HAIIPUMED Z7 , TO

H (Rj(l’j))T = ngJT =H (Rj(@j))T = HeT = HyT.
Caenosarensno, H (Ry(z5) —e)t = 0, a Takxke
wt(Rs(z3) —e) < |Z(a)] <n—d(A) <d(C).

HMonyuunu Ry(x;) — e = 0, u, TakuM 00pa30M, HETPUBUATIHLHOE DEIeHNue CUCTEMbI €IH-
CTBEHHO. W

OmnucanHble Tarm MOYKHO TPeICTaBuTh B Buae Ajropurva 1.

AnaropurMm 1 JlekoaupoBanue

Bxox: Cy(D,G)— Al-kon, (A, B) —napa, ucnpasistioras ¢ ommboK, y = ¢ + e — M0Jy-
YEeHHBI BEKTOP € OIIHOKOIM.

Broixon: ej, c.
1: Boraucaurs M = {a € A: (a*y,b) =0 aus Beex b € B},
2: Ecou M = &, To
3 IlepeiiTn Ha mar 11.
4: Tonoxute a := random(z), z € M.
5: Beramesmts J = Z(a).
6: [locrpours marpuiy Hjy.
7: Pemuts cucremy ypasnennii Hyu' = Hy' orrocurensno w.
8: Ecnu wt(u) > ¢, To

9: IlepeiiTu ma mar 11.

10: BepayTs €3 = u, c =y — Rs(e5).

11: Bepaytb «B moaydyennoMm BekTope 6osee t OMIubOK. »

3ameuyanue 4. Ha marax 1, 2 neobxoguMo BBIYUCIUTDL sapo M orobpakeHus ¢, a
trakxke Z(a), rme a € M. damee permaercs cuctemMa U3 MAKCUMYM 7o YPABHEHHH ¢ 1 HEH3-
BECTHBIMA. TaKuM 06pa3oM, CJIOKHOCTD anropurMa pasua O(n?).

5. Ilpumepst

PaccmorpuMm psan npumepos noctpoenns Al'-Ko10B, acCOMMUPOBAHHBIX C SJLTHITHIECKOI
1 9PMHUTOBOHM KPUBBIMHU, & TaKzKe ¢ KBapTukoi Kieitna. Ij1d KaxKa0oro MOCTPOEHHOTO KOJIa
HalIEM COOTBETCTBYIONIYIO APy, UCIPABJISIONIYIO OTHOKY.

51. AT-koabl Ha 9AAUNTHUIECKUX KPHUBBH X

Omnpenenenne 20. Ajrebpanueckoe dhyHkunonaabuoe noje F'/F, nassiBaercs saiun-
MUYECKUM, €CJIN BBITIOIHSIOTCS CJICYIONHE yCIAOBUSL:

1) g(F/F,) =1

2) cymectsyer ausuzop A € Dp, Takoit, uro deg(A) = 1.

OTMGTI/IM HEKOTOpPbIE CbaKTbI, KacCarluecd 3JIIMIITUYICCKUX KPUBbIX U UX beHK]_[I/IOHaIIb—
ubix mosteit. Ha nporszxennn seero . 5.1 mog F' = F,(z, y) Oyaem mogpasyMeBarTh 3/IIHITH-
Jeckoe (DYHKIUOHATIBHOE T0JIe. B 3aBUCHMOCTH OT XapaKTEepPUCTUKH 0A30BOTO IOJIS, yPaB-
Henre (bYHKIUOHAIBHOTO MOJIST JITHITHICCKONR KPUBOIT MOYKeT OLITH 3aaHO0 CJIEYIONIM
obpazom:
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— ecau char (F,) # 2, To cymectsytor z,y € F, takue, uto F' =F (z,y) u

rae f(x) € Fy[z] — cBoboaubtit or kBajgparos muorowren u deg(f) = 3;
— ecau char (F,) = 2, To cymectsytor z,y € F, takue, uto F' =F (z,y) u

v +y=f(z), rae f(z)€F,fz]u degf =3,

njain 1
v 4y=x+——70 I a,beF,ma#0.
ar + b

OrmeruM, 9TO [n, k]-KOJ, acCONUUPOBAHHBIN € HIIHOTHIECKUM (DYHKITHOHAIBHBIM 10~
aeM, sBasgercs MDS-kogom (gocturaer rpanunpl CHHIVITOHA) TOrJA M TOJBKO TOTJA,
Korga Jyist Joboro mogMuoxkecrsa rodex {FP,, P, ..., P, } C supp(G) ausBu3op sBuia
P, + P, + ... + P, — kP nve aBigerca rnasHeiM. CorsacHo rpanmnne Xacce — Beitns,
MaKCUMaJIbHOE KOJIMYECTBO pallUOHAJIbHBIX TOYEK SJIJAUIITUYECKO KpI/IBOﬁ X, NJIN TOYEK
cTeneHd OJuH (PyHKIHOHATBHOIO HOJId, paBHO ¢ + 1+ 2,/q. Takum 06pa3om, paccMOTpeHHe
KPHUBBIX € YUCJIOM TOYEK, JOCTUTAIOIINM I'PAHUIIBI Xacce — Beilyist, mo3BoIsieT MaKCHMAJIHLHO
YBEJIMIUTH JAIUHY KOIOBOTO CJIOBA.

HNcexomg n3 ypaBHEHUS SJINIITAYECKOT0 DYHKIIMOHAJIBHOIO TO0JIs, Jiisd PYHKIH x,y €
€ F,(X) MOXKHO BBIYHCINTH COOTBETCTBYIOINIHE HOPMUPOBALHS

—vp_(x) =2, —vp (y)=3 u — vpoo(x’\yW) =2\ + 3y

Juist HeKoTopbix A,y € Z~Y. Coorsercreenno, 6azuc npocrpanctsa Pumana — Poxa L(aPy),
a € Z7°, acconuupoBaHHOTO ¢ AUBU30POM, KPATHBIM GECKOHEYHO yIaI6HHOM TOYKe, COCTOUT
u3 bynxuuit f = 2™y, rae A € N, v € {0,1}, 2\ + 3y < a, u umeer BuJL

2 3 .2 4 .3
{L%wa y Y, T, Y, T, T y:}

Ilpumep 2. llycrs F' = Fy(z,y) — smmmnrndeckoe HyHKIHOHAIBHOE HOJE C yPAaBHe-
muem y? = 23 + Tz + 4 u ¢ = 17. OrmernM, uro g(F) = 1. IToctpoum AT'-Koj, acconun-
POBaHHBIN € 3a/IAHHON IJLIMIITUYECKON KPUBOH, 1 HAJIEM 1napy, UCHPABJILIONLYIO ONUOKH,
JIJISE TIOCTPOEHHOTO KOJIA.

Banaaum aupuzop D = Py + Py + - - - + P9, rae P; — Touky crenenn oguH mojs I s
1=1,...,12:

P =(0,15), P, =(0,2), P3=(3,16), P, = (3,1), P, = (15,13), FPs = (15,4),
P7 = (11, 16)7 Pg = (11, 1), Pg == (16,9), P10 - (16,8), Pll == (2, 14), P12 - (2,3)

Sanamaum gusu3zop G = m - P, tie P, — montoc GyHKIW & U Y, U MyCTb m = 5.

Borancsnm 6asuc npocrpancrBa Pumana —Poxa Z(G) = Z(5P), HeoOXonauMblii
st noctpoennst Al'-kona Cy (D, G). las 910ro paccMOTPUM JTHCKPETHBIE HOPMHPOBAHHS
dbyuknmii, aagomuxcs nperenaenTamMn Ha 6a3uc £ (G), 3HaUCHES KOTOPHIX B TOUKe P
HEe JOJIZKHBI IPEBBIIAThL m = 5 (Tabir. 1).
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Tabauma 1

Buauenus Hopmuposanusi | Bazuc Z(G)
Voo(1) =0 1
Voo(2) =2 T
Voo (y) =3 )
Voo (22) = 4 z?
Voo(2y) =5 xy
Voo (23) = 6 —

3amuieM MopokKIAOILYIo 1 TpoBepounyio Marpuibl koga Cg (D, G):

10000 8 10 0 8 14 8 16
01000 9 1 11 4 15 4 13
G=1|00100 14 7 9 2 16 1 16|,
00010 3 15 13 7 10 12 14
000O0T1 1 2 2 14 14 10 10
[1 000000 6 11 12 4 0]
01 000O0OO0CTG6G 14 9 8 13
001000O0CSG5 11 10 0 7
H=(0001000 5 6 15 8 16
0000100 5 13 12 6 14
00000105 8 0 15 5
0 000O0O0T116 11 6 10 7|

Kon C g(D, G), aCCONMUPOBAHHBIN C OMPEIETEHHON BBITIE IJAIUNTHIECCKON KPUBOH, MMeeT
napameTpsl [12,5, 7], a ero ayaasnbiii kog Co (D, G)t — napamerpn [12, 7, 5].

st mocTpoenust mapbl, uenpasJsiorieit omuoku, 11 kKoaa Cy (D, G) Heobxomumo onpe-
JIEJIATH BCIIOMOTATEIbHBIN THBU30PD

H = (t+g) P = 3 P,

rae t = | (n —deg(G) — 1 —g)/2]. Torna nnsa kona Cy (D, G) napoii, nctpasisiomeii ¢ = 2
omubok, ssserca napa konos A = Cy (D, H) u B = C4(D, G+ H) ¢ napaverpamu [12, 3, 9]
u [12,4, 8] coorBeTCTBEHHO.

52. AT-K0aB Ha 9PMHUTOBBIX KPHUBBIX

Omnpenenenne 21. Oynknuonansuoe nose F' = F2(z,y), onpegenénnoe ypasnenuem
SPMUTOBON KpUBOU
_ g+l
Yty =2t

6y,ZLeM Ha3bIBaTb IPMUIMOGbIM (bYHKI_[I/IOHaIIbHI)IM IT0JIEM.

OTmeTuM HEKOTOpBIE (DAKTHI, KACAIOIIUECS IPMUTOBLIX (PYHKIHOHAJLHBIX Iosei. Ha
nporsizKeHHH Beero I 5.2 nox F' = Fp(z,y) Oynem moapasymeBaTh SpMHTOBO (byHKIIHO-
HAJIBHOE 110J1€, JIJIsi KOTOPOIo CIPABEIJINBO:

— g(F)=qlg—1)/2;
— F nmeer ¢® 4 1 TOYeK CTEIEeHN OUH HAJ, HOJIEM Fg2 caepyromero suga:
1) GeckoHedHO ymajgéHHAs TOUKA Qo — 0OmHii mortoc GyHKIMi & u y;
2) ans kaxaoro o € Fe cymecrsyer ¢ saementos 8 € F 2, akux, aro 7+ § = a?t!;
M JUI BeeX Takux map («, 8) cymecTByeT eInHCTBEHHAs TOYKA P, 3 cTemnenu omnuH,
rae 2(Pop) = any(Pyg) = f;
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— gy Hekoroporo 7 > 0 dbynkmun euga 'y, rae 0 < 3,0 <j < g¢g—1mig+j(g+1) <r,
obpasyior 6a3uc npocrpancTBa Pumana — Poxa Z(rQx).
Onpeneneune 22. [ag r € Z oupenenum spmumos Al-xod
Crch(DarQoo)u D = Z Pa,ﬁa
B9+ L=+l
e auBu30p D 9BISeTCs CyMMO# BCEX TOUeK IepBoii crenenn (KpoMe TOUKH (o, ) IPMUTOBA
byukunonamsaoro noisa F/F .

CeMeiicTBO PMUTOBBIX KOJIOB IPEJACTABIAET 0COOBI HHTEPEC, MOCKOJIbKY B OIIPe e IeH-
HBIX CJAyYasxX HApAAy ¢ JIJIHHOW W Pa3sMEPHOCTHI0O MOYKHO SIBHO BBIUHC/IHTH MHHHMAJIHLHOE
paccrosiare Taknx koaoB. Hax nosem F 2 spMuTos kox mveer jamny n = ¢°.

g nexkoroporo r < s umeeM C, C C,. DTO BKJIIOUEHHE CJEIyeT U3 BKIIOYEHUH CO-
OTBeTCTBYIOMHUX mpoctpanct Pumana — Poxa Z(D,rQy) C Z(D,sQs). Ecmu r < 0, To
L(rQu)=0uC.=0.Ecmur >¢@+q¢ —q—2=¢+ (29— 2), ro, yuursisag (1), umeem

E(C,) = dim(rQe) —dim(rQu — D) =(r+1—g)—(r—¢+1-9)=¢=n
u, caenosarenno, C, = F75. Coryacno [6], wis 0 < 7 < ¢ + ¢* — ¢ — 2 cupasemso
CJIeIYOTITee
Vreepxkaenne 5. Ilycrs C, —spvuTos kox u 0 < 7 < ¢ + ¢ — ¢ — 2. Torna:

— JyasnbabiM K KOOy C, SIBISETCS
1
C,— = Cq3+q2_q_2_r.

Kox C, sBaserca caMogyaabubiM, ecid 7 = (¢° + ¢* — ¢ — 2)/2 (a0, Ha camom mee,
BO3MOKHO TOJILKO B CJIy4ae, eCJIM ¢ SBJSETCS CTEIeHbIO 2).
— Pasmepnocts C, onpejesgercs Caeayomnum 00pa3om:

Ir)] 0<r <,

k(cr) — |3(T)| 3\ rx(q ; )

q _’[<S)|> q <?”<q +4q _q_27
tes=¢+¢@ —q—2—rul(r)={0<n<r:32€ F ((2)0 = nQx) }-
Hns ¢? — g — 2 < r < ¢ umeem

k(Cr) =r+1—q(qg—1)/2.

— Munumasbhoe paccrosiaue d Koga C, yAOBJIETBOPSIET HEPABEHCTBY
d(C.) = ¢ — .

Ecmn 0 < 7 < ¢ ur,(r® — r) g9BI4i0TCA MOMIOCHBIMEA YUCJIAME Ui TOUKH Qoo (T. €.
cymectnyior dynximn f, f € F, taxue, 410 (f)og = 1Quc 1 (f)oc = (1 = 1)Quc), T0

d(C,) =¢* —r.

IIpumep 3. llycts F' = Fpe(x,y) — byHKIHOHAIBHOE IOJE SPMHTOBON KPHBOIi
¢ ypasaenuem y° +vy = 2 u ¢ = 3. Sagaaum aususop D = P, + Py + ... + Py, Tae
P, — toukn neppoii crenenn aust ¢ = 1,...,27:

P, =(0,0), P,=(0,a%, Py=(0,a®), Py=(a,a’), Ps=(a,a"), Ps=(a,l),

P, =(a*2), Ps=(a*a), Py=(a*d®), Pyo=(a®d®), Py=(aad"), Pso=(a*1),

P13: (272>7 P14: (2,@)7 P15: (270’3)7 PIGZ (CL5,CL5>, P17: (a57a7)7 P18: (a571)7

p19 - (aﬁ 2)7 P20 - (aﬁa a)v P21 - (a67a3>7 p22 = (G7, CL5>, P23 = (CL?a a7)7 P24 = (CZ7, 1)7
( ( (
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Tabawuwma 2

2 + 2z + 2.

7 Qoo, TIE Qoo — 0OIIHIT TOMIOC PYHKIUA * 1 y moass F u

Al-koabl n ux gekoaupoBaHue Ha OCHOBE Nap, UCNPABASAOLNX OLLINOKY
Borauncsinm 6as3uc npocrpanctsa Puvana — Poxa Z(G) = Z(17Q ), HeOOXOAUMBLI 117151

noctpoenust AT'-kona Co (D, G). 1jist 5TOr0 pacCMOTPUM JUCKPETHBIE HOPMUPOBaHUsT (DY HK-

Bagagum ausuzop G

r=17.

Ui, SBIAOMAXCS TpeTeraenTamu Ha 6aszuc £ (G), B Touke (o, 3HAUEHUS KOTOPHIX HE

31ech @ — KopeHb nIpuMuTHBHOTO HaJ I, MHOrOUIeHA f(7)
JOJIZKHBL IpeBbIaTh r = 17 (1abur. 2).
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(100000000001 0a® 0 a2 a 2 0 0 a®a 1 a® a2 2 a |
0100000000010 2 a a®a”a®a 2 0a a" a®> a a 0
001000000001 0a aa*1 1 a" 0 a a a a 0 a &
00010000000a” 0a” 2 1 a®2 0 a2 ad® a® @® a” a®> 2 a® &°
00001000000a” 01 a a®a” a®> 0 2 a% a® 0 a® d® & o
H— 00000100000a” 0da® a® 2 2 a®>a® a” a® a a a® 1 a® a?
T100000010000a*00 1 a1 aa?21a a 0 0 a 1 a
00000001000a>0 a a a a®2a2d a 2 2 1 a d 0 1
00000000100a®0a® a®a®> 0 da®a a®a® 1 d 0d a d
000000000102 0da @ a 1 a%a® 1 a2 a &> 0 a® 2 a
000000000012 0aa" a1 a a 0dada®>a® 1 a 2 d
000000000000 11 1 a®2a®2a®2 1 1 1 a a" a" a® a? a?

Kon C¢ (D, G), acconunpoBaHHbIil ¢ ONpeIeIEHHO BBIITe SPMUATOBON KPHUBOM, IMEET mapa-
Merphl (27,15, 10], a ero ayassuetii kox Co (D, G)* —mapamerpsr [27,12,13].

Jlnst mocTpoenust mapsl, ncnpassstioreii omubku, st Kona Cy (D, G) 5He06X01uMo onpe-
JEJINTh BCIIOMOTaTeJILHBII ANBU30D:

H:<t+g>Qoo:6Qooa

rie t = [(n — deg(G) — 1 — g)/2|. B namewm cayusae g = 3 u t = 3. Torma s Koza
C¢(D, @) napoii, ucnpasisgmoiieii ¢ = 3 ommbok, sBasgercs napa kKojos A = Co(D, H) u
B=Cy(D,G + H) ¢ napamerpamu [27,4,21] u [27,6, 19] cooTBeTCTBEHHO.

JIIst MOCTPOeHNs Aphl, HCTpaBIsiomeit omutku, 1 koga C4 (D, G) neobxomumo, 9To-
6o t = [ (deg(G) — 39 + 1)/2]. Onpeenum BeoMoraTebHbI AUBA30D

H' = (t+g)Qoo :7Qoo

Torna s kona Co(D,G) napy, ucnpasisiontyio 4 omubku, cocrapisior koap A =
=Cy(D,H)u B=Cy(D,G — H') ¢ napamerpamu [27,5,20] u [27,8,17] cooTBeTCTBEHHO.
53. AT-xoxam Ha KBapTuke Kineitua

B srom mynkre npennosoxum, uro char (F,) # 7. Paccmorpum dynknuonasbHoe 1oJe
F =T,(z,y) xBapruku Kieiina, 3ajannoe ypaBHeHueM

P yiz4+y=0. (3)
[octe ymuozkenns (3) ma yb, monaras x = —y?z, Mmoxkem samucars F = F,(z,y), rue
y' = v
1—2z

Tak xax char (F,) # 7, bynkunonatbaoe nose kpapruku Kieiina [’ He sBJIseTcs pamuo-
HaJbHBIM. /la/iuM napy onpejesenuii, 9Todbl 3annucaTh OCHOBHbBIE CBOHCTBA 3TOI0 PYyHKIH-
OHAJILHOTO TIOJI.
!
Onpenenenne 23. Ilycrs F'/F, — anrebpandeckoe pacmmupenne byHKIHOHATHHOIO
nonst F/F,.

— ToBopsr, uyro moukxa P’ € Pr aescum nad mouxoti P € P, ecim P C P,
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— Ilycrw Touka P’ € Pp nexur Hamx Toukoit P € Pp. Ilpu 3T70M HOpMHUpPOBaHUS B pac-
CMaTPUBAa€MbIX TOYKaX CBA3aHbBI CJCAYIOIIUM COOTHOIMCHUEM:!:

vy (z) =e-vp(xr) nasseex x € F.

Ecymm e > 1, To roBopsar, 4To mouka P paszeemeasemcs.

[lepedncaum cBoitcTBa BHYyHKITMOHAILHOTO Ot KBapTuku Kiefina:

1) g(F) =3;

2) posHo Tpu Toukm mond Fy(x) aBaarorcs Toukamu Bersiaenus B F/F,, a umenno:
nostoc Py, w Hyab P GyHKun z, a takxke Hyiab P byskmun x — 1. Ob6o3HaunM
gepe3 oo, Q1, Q2 TOUKH, Jekamue Hal Pa, P;, P COOTBETCTBEHHO;

3) TouKH Quo, @1 U Qg ABIAIOTCS TOYKAME CTEICHU O/IVH;

4) orobpazkenne
x—1

¢: —i
Z/'—>?

SIBJIsAeTCsT aBTOMOPdU3MOM nopsiaka 3 mosst F/F,, KoTopblil MHKINIHO HOPOKIAeT
TOIKH QOOv Qla QQ; T. €. ¢(¢(QOO)) = ¢(Q1) = QQ'

Paccemorpum HekoTopblii nogkitace AI'-KomoB, accoIMupOBaHHBIX ¢ KBapTHKON Kieiina,
a UMEHHO KOJIbI, JJIsi KOTOPBIX AuBH30p GG onpeseién caeayionuM o0pa3oM:

G = koQoo + k1Q1 + k2Q2 > 0,

rie k; € No\ {1,2,3,4},:=10,1,2 (Ny = {0,1,2,...}), u 6Gynem cuurars, 9ro deg(G) > 5.
Torma o reopeme Pumana — Poxa dim(G) = deg(G) — 2. Cornacuo [13], onpenenum 6asuc
npocrpancrBa Pumana — Poxa L(G).

Jlemma 1. Ecin G = kyQo + k1Q1 + k2Q2 > 0, e k; € Ng \ {1,2,3,4}, 10 6a3uc
upocrpancrsa Pumana — Poxa L£(G) cocrour u3 creneneii u npoussejeHuii cjepyonux

JIEMEHTOB:
X i
w1:_27 Wy = —, w3 = T,
Y Yy
—1 T r—1
21 = o(wy) = —, 29 = p(we) = —, 23 = ¢p(w3) = ,
(w) =~ (1) = (wg) = =
3 5
Yy 9 Yy 1
U1—¢(w1)—;7 vy = ¢”(wy) 2 U3—¢(w3)—1_x

L(koQx) = <w1 wz w33|ﬁz 0,361 + 502 + 783 < ko).
,ZLHH]CQIO, ]{7021{?125:

L(koQoo + k1Q1) = (W] ws?w®|8; = 0,381 + 582 + 763 < ko,
2 2723 v 20,371 4+ 572 + Tys < ki,

w121, (w1Z1)2, wl(w121)>-
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Hng k1 =0, kg = ko =5
L(koQoo + k2Q2) = (wiwiws®|B; > 0,361 + 562 + 783 < ko,
vl'vytvst |y = 0,371 + 5y + Tz < ke,
wyvy, (wiv1)?, wy (wiv)).
Hnst kg > k; > 5,1=1,2:
L(koQoo + F1Q1 + k2Q2) = (Wi wi?wi®|B; = 0,361 + 58> + TB5 < ko,
v]' vy’ |y = 0,371 + 572 + Tys < Ky,
z‘flzg%gl |0; = 0,381 + 5dy + 73 < ka,
w21, (w121)%, 0121, (V121)%, wyv, (wi1)?).

[1aBHBIE TUBU30PHI 9JIEMEHTOB, YYACTBYIONMX B nocrpoennn 6asuca L(G), UMeoT BUI:

(w1) = (;) 205 + Q1 — 3Que, (w2) = @) Qs+ 4Q1 — 5Que, (w5) = () = TQ1 — TOw,

y? Y 1
(v1)= x) =2Q1 + Qoo — 3Q2, (v2)= x2> =Q114Q0c—5Q2, (v3) = | —— | =TQx—T7Q2,

11—z
(21)= _yl> =2Qu + Q2 — 3Q1, (22) = ;4> =Qo0 +4Q2 — 5Q1, (23) =

z—1
— | =TQ2 — TQ1.
X
IIpumep 4. Ilycts F' = Fpe(x,y) — bynknuonaabHoe moste kBapruxku Kieitna ¢ ypas-
mernem 22y + 3+ =0m ¢ = 5.
Bagaaum gusnzop D = Py + P, + ... + Py, tne P, — TOYKHM cTeneHn onuH moas F s

P, =(0,0), Py = (1,0), P; = (a*,a), P, = (a*,d®), Ps=(d",a"),
Ps = (a*,a”), P;=(4,2), P = (3,2), Py = (a'%,a®), Py=(d",4),
Py = (a't,4), Py =(3,4), Pi3 = (a,a"®), Py=(a*a), P;=(a" a"?),
P = (a7,a"), Py =(a'a'), Pg=(a%a®), Puo=(a’a7), Py=/(d,a'7),
P = (a',a"), Py =(4,a'), Pu=(a®,a), Pou=(a,a®), Py =(4,d®)

B1ech a — opuH w3 KOpHEe# NpuMATHBHOTO MHOrowIeHa f(x) = x? + 4z + 2 nan F,.

Bagaanm auBu3op G = m Q, e m = 13. Beraucanm 6asuc mpocrpancTsa Puvana —
Poxa

Z(G) = Z(13Q) = <wf1w2 w33|ﬁz > 0,381 + 562 + 703 < 13),
HeoOxomnmbIil s moctpoernst AT-koma Cg (D, G). st 37010 paccMOTPUM JTHCKPETHBIE
HOPMUPOBaHUs (DYHKIMH, SIBIAIONMXCA TperTeHeHTaMu Ha Gazuc Z(G), B Touke Qs
(Tabu. 3).
3anurrem MOpOKIAIONIYIO 1 IpoBepoudnyto Marpuibl Kofa Cy (D, G):
a

23 10 20 20 3 14 4 10 11

10000000000 a* a” a” a a’ a a* a” a a a® o' a
01000000000 a®> a" a" 0 a a'® a2 @ a & a® &® o' 0
00100000000 a* 3 a? a" a'% a® a'® a'" " «® a® a7 d® o
00010000000 @ a a'" a® 3 a'* a® a® o' a® a®2 a3 1 «a
00001000000 a® a® a?® a* 4 a' a® a® 4 @@ a® o o' o
G=[00000100000a* & a® a'" a!® 0 a®® a® @ o 4 % a o't
00000010000 a® a* 2 a2 a® a® a® 1 a* & a'® a9 & o
00000001000 a® a a'® a* 3 & a'7 a'® a® a® o' 4 2 3
00000000100 a® a* a'® a* a2 a® 0 a 4 a'% a® 1 & ot
00000000O0T10O0 a't a' a? a® o' a? a'® 3 a® o o 1 1 1
00000000001 a* a* a* a'' a® a® 2 & 3 3 a7 4 a® o2
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Tadbauma 3

Bmauenus nopmuposanusa | Basuc Z(G) | w! wl? w§3

Veo(1) =0 1 wiwiw§

mm<;>:3 %, wiww)
X X

Vo | — | =5 — wlwlw)d

y2> y2 1%2%W3

Vm(ZJZZG %’ w%@wg

1/00(12 =7 z wwSwi

X X
%o<3>:8 — wh@wg
Yy Yy

V<l3>9 x—s w{’wgwg

A\ ys y©

v, (x2)~—10 Ef ww2w?

°°y2_ y2 1%2%W3

1% (m3)__11 fi w2wlw?

<\ = Yo 123

v (xZ) 12 z? Owidwl

o | — | — — w w

y3 y3 1%2%3

VK>(§4) =13 gz wiwiw}

Voo (24) = 14 — —
[10000000000000 @ a*® a® 1 a'' a* 2 o' a'® 2! ¢! ]
01000000000000 a® @ @ a® & a2 o a'? a2 o 1
00100000000000a” 2 ot a®® a2 o9 a o &® 0 o
00010000000000a a® a3 a2 a® a?2 ¥ 2 ot a!? 0
00001000000000a% o™ & @ a'!' a7 a® a2 2 d° a2
00000100000000 a 0 a a' a'¥ a® a® 0 a2 a2 ¢

H 000000100000O00O0 a” a'® a?® a'™ a® a” a* a'® a!¥ a? al®
100000001 000000a™ a® o 4 a2 4 0 & o Y a
00000000100000 a® a® a'% o a2 a'® a3 o a® a' o2
00000000010000 1 a% 4 @ a® & o7 ¥ a2 a® a2
00000000001 000a' a2 3 a* a2 & a* a a® o'l 3
000000000001 00 1 a a & 2 a2 d o* 0 a'® 1
00000000000010a'® agd ag* & a* a" a®2 a'" 3 d d
00000000000001 2 a'® @® a a a® o 4 a'' a® 0 |

Kon C»(D, G), accormuupoBatubiil ¢ onpegeaénHoil Boimme kBaptukoii Kieitna, umeer ma-
pamerpni [25,11,12], a ero ayasnbubiii kox Co (D, G)t — napamerpn [25, 14, 9].

Jlist mocTpoenust maphel, Henpassoneii omuoku, 1 kojga Co (D, G) HeobxommMo, 9To-
o1 m > t+g,rnet = [ (n — deg(G) — 1 — g)/2]. B namewm ciayuae g = 3u t = 4. Onpegennm
BCIIOMOTATeIbHbIA JTUBU30D:

H=(t+9) Qo =70Qx.
Torma masa xoxa Cy (D, G) mapaMu, UCTPABISIOMUME 4 ONTHOKH, SIBISIOTCS:
— A=Cy(D,H)u B =C4(D,G+ H) ¢ napamerpamu [25,5,18] u [25,7,16] coorser-

CTBEHHO;

— A=Cu(D,H)u B=_Cgyg(D,H— G) ¢ uapamerpamu [25,5,18] u [25,7,16] coorser-

CTBCEHHO.
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JIJ1st MOCTpOeHHs maphl, HeTpapsiomeit omuoku na xkoaa C4 (D, G), neobxomumo, 4To-
o1 t = |(deg(G) — 39+ 1)/2]. B mamem caygae g = 3 u t = 2. OupeeanmM BCIOMOTATe b
HBI JTUBU30D

H = (t+9) Qo = (2+3) Q.

Torna pas xoma C;(D,G) apy, HCIOPABJSIONIYIO IBe OIMMOKH, COCTABIAIOT Kombl A =
=Cy(D,H)u B=Cy(D,G — H') ¢c napamerpamu [25, 3,20] u [25,6, 17| cooTBeTCTBEHHO.
54. llpumep nexkoaumpoBaunusga Al'-koma

Ha 93JAJHANTHAYECCKOU KPUBOH

Pacemorpum Al'-kon Ha SJLIHOTHYECKOR KPUBOi, MOCTPOEHHBIH B 1I. 5.1.

[Iycts F = F,(x,y) —smmnrudeckoe (byHKIMOHATIBHOE TOJE ¢ ypaBHEHHEM Y2 =
=23+ 7 +4 u ¢ = 17. 3anuuieM H0poKIAIOIILYIO U IPOBEPOUYHYI0 Marpuiisl [12, 5, 7]-ko1a
Cg(D,G), tne G = 5Py:

10000 S8 10 0 8 14 8 16
01000 9 1 11 4 15 4 13
G=1|0010014 7 9 2 16 1 16|,
00010 3 15 13 7 10 12 14
000071 1 2 2 14 14 10 10
[1 000000 6 11 12 4 0]
01 000O0OO0CTG6G 14 9 8 13
001000O0CS5 11 10 0 7
H=(0 0010005 6 15 8 16
0000100 D5 13 12 6 14
0000010 5 8 0 15 5
0 000O0O0116 11 6 10 7|

B 1.5.1 nonyuens rtakxe xoupl A = Co(D,H) u B = CL(D,G + H) ¢ napamerpa-
vu [12,3,9] u [12,4, 8], cocrapasioniue nmapy, UCHPaBASIONy0 ¢ = 2 OMMUOKHA JJisT KOJIA
Cy(D, ). BanumeM MOPOKIAONIAE MATPHUIIBI COOTBETCTBYIOMUX KOJOB:

1008 2 0 15 6 7 3 5 12]
Gs=10109 11 13 5 14 0 4 1 11},
0011 5 5 15 15 11 11 12 12
[1 00 16 0 3 12 4 8 1 8 15]
GB:010160301615111112
001160 0 5 12 9 8 8 9
000 0 1 16 3 14 4 13 4 13]

Iyctrb y = (2 13 15 14 8 1 8 6 12 7 2 6)—sexrop u3 koua Cy(D, ), conep-
JKarmuii e ommbKy (KPaCHBIM I[BETOM BbIIeJIeHbl TOo3uIuH omubok). [Tyrkr 1 agropurma
1 3akmouaercs B Haxoxaenun sapa M = {a € A : (a*y,b) = 0 naa Bcex b € B} 0106-
paxenust ¢ : a +— (b (a*y,b)). Kak ynoMsiHyTO B 3aMeYaHUH 2, MOKHO OIDAHHIUTHCS

%
HAXOXKJIEHHEM OJIHOI'0 BEKTOPA U3 si/Ipa, 94TO U IpoaeMoucTpuposaHo gaee. [lycrs b; € Gg,
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%
BBIYKMC/IUM MATPHUILY, CTOJIONbBI KOTOPOI COCTABJILAIOT 3HAUeHUusd Y * b; :

(2 0 0 0]
0 13 0 0
0 0 15 0
3 3 3 0
0 0 0 8
3 3 0 16
G¢*11067
7 11 4 16
11 10 6 14
70 5 6
16 5 16 8
|5 4 3 10

HeoGxonumo Haiitu oauH BeKTOp a € A | (a,y * by = 0, mis 37010 nozpeiicTByeM 0To0paske-
HueM ¢ Ha Bce 6asucHbie BeKTOpHl a; € G 4. VI3 nosrydeHHbIX 06pa30B COCTABUM MATPHUILY:

12 5 5 0 12 5 5
Gy = |12 12 12 0| ~ |12 12 12
7T 7 70 T 7T

Haiina gesoe aapo maTpunbl Gg4) B BHIOpaB CIydaiiHblil BEKTOD U3 sApa, MOIyIIM COOT-
BeTCTBYOIIHE KOIPDPUIMEHTH B TTHEHOM pa3/I0KeHnn BeKTopa a, oOpa3 KOTOpOoro paBeH
HYJIEBOMY BEKTOPY:

z- Gy =10 0 0],
v € Spang, {(0,1,8)}, M = Spang {(0- aj + aj + 8a3)},
a=0-a,+1-a]+8-a3|¢la) =0VYbeB,
a=0 180026 153 7 12 5).

Ouesuano, uro I, C T = Z(a) = {0, 3,4}. Ilepeiiaém K mary 6 u OCTPOUM MPOBEPOTHYIO
MaTpurny Hy:

£

|
cCooco oo
coorooo
corRroocoo

Pemus cucremy ypasnennit Hyu' = HyT ornocurensno u, mosyuum ciemyioliee:
egzu:(7 10 0>—>R(63):(7 00100 0O0O0O0O0O 0).
OKOHYATE/IBHO B PE3yJIbTaTe HPOLE/LYyPhl JIEKOIUPOBAHUS UMEEM

y—R(es)=(2131514818612726)— (7001000000000 ) =
—(1213154818612726) =ce Cy(D,G).
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