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7 Ãðóïïà êëàññîâ èäåàëîâ

Ïðèìåð 3. 1. Íàéä¼ì ClK äëÿ K = Q(i).
1, i � öåëûé áàçèñ ⇒ OK = Z[i].
∆K = −4, n = 2 ⇒ (r, s) = (0, 1).

BK =
1

2
· 4
π
·
√
4 ≈ 1.27 < 2.

Ðàññìîòðèì (p) = pOK , p < 2 ⇒ p = 1 ⇒ (p) = (1) = OK .
Òîãäà ClK = {[OK ]}.

2. Ïóñòü K = Q(
√
7).

1,
√
7 � öåëûé áàçèñ ⇒ OK = Z[

√
7].

∆K = 28, n = 2, (r, s) = (2, 0).

BK =
1

2
· 4
π

0

·
√
28 =

√
7 < 3.

Ðàññìîòðèì p ≤ BK , p = 2 : µ√
7(X) = X2 − 7.

X2 − 7 ≡ X2 + 1 ≡ (X + 1)2 (mod 2).
Ñëåäîâàòåëüíî, f1(X) = X + 1.
Ïî òåîðåìå Äåäåêèíäà-Êóììåðà: p2 = (2,

√
7), p2 = (2).

N(p2) = 2.
Âîçìîæíî, ÷òî ClK = {[OK ], [p2]}. Ïðîâåðèì òàê ëè ýòî: ïðîâåðèì, ýêâèâà-
ëåíòíû ëè ýòè êëàññû.
Ðàññìîòðèì α ∈ p2 ⇒ α = a · 2 + b · (

√
7 + 1).

Ïóñòü a = b = 1, òîãäà α = 3 +
√
7 ∈ p2.

Ïîëó÷àåòñÿ, ÷òî (3 +
√
7) ⊂ p2 ⇒ (3 +

√
7)OK ⊂ p2 ⇒ p2 ∼ ØK ⇒ [p2] = [OK ].

Ñëåäîâàòåëüíî, ClK = {[OK ]}, hK = 1.

3. Ïóñòü K = Q(
√
−30).

1,
√
−30 � öåëûé áàçèñ, OK = Z[

√
−30].

∆K = −120, n = 2, (r, s) = (0, 1).

BK =
1

2
· 4
π
·
√
120 < 6.

ClK = {[p] | p � ïðîñòîé èäåàë, N(p) ≤ BK}
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� p = 2 : p2 = (2,
√
−30), N(p2) = 2.

� p = 3 : p3 = (3,
√
−30), N(p3) = 3.

� p = 5 : p5 = (5,
√
−30), N(p5) = 5.

Åñëè p2 � ãëàâíûé èäåàë, òî p2 = (a+ b
√
−30), ãäå a, b ∈ Z.

Òîãäà NK(p2) = a2 + 30b2 = 2 � ïðîòèâîðå÷èå, òàêèõ a, b íå ñóùåñòâóåò. Ñëå-
äîâàòåëüíî, p2 íå ýêâèâàëåíòåí OK .
p22 = (2,

√
−30)(2,

√
−30) = (4, 2

√
−30,−30) = (4, 2

√
−30, 2) = 2(2,

√
−30, 1) =

2OK .
Äåëàåì âûâîä, ÷òî p22 ∼ OK .
Àíàëîãè÷íî è p23, p

2
5 ∼ OK .

ord(p2) = ord(p3) = ord(p5) = 2.
Ðàññìîòðèì p2p3: ýòîò èäåàë íå ÿâëÿåòñÿ ãëàâíûì. Ñîîòâåòñòâåííî, p2p3 ̸∼ OK .
[p2] ̸∼ [OK ][p3]

−1.
[p2] ̸∼ [p3].
Âîçâåä¼ì

√
−30 â êâàäðàò: (

√
−30)2 = −30 = −2 · 3 · 5.

Ïåðåéä¼ì ê èäåàëàì: (
√
−30)2 = (2)(3)(5) = p22p

2
3p

2
5.

OK = (
√
−30) = p2p3p5. Ñëåäîâàòåëüíî, p2p3p5 ∼ OK .

Èç ýòîé ýêâèâàëåíòíîñòè ïîëó÷àåì: [p5] = [p2]
−1[p3]

−1 = [p2][p3] (òàê êàê
ord(pi) = 2) ⇒ p5 ∼ p2p3.
ClK = {[OK ], [p2], [p3], [p2p3]}.
Òàê êàê [p2] íå ýêâèâàëåíòåí [p3] ⇒ hK = 4.

4. Ïóñòü K = Q(
√
−23).

1, 1+
√
−23
2

� öåëûé áàçèñ, OK = Z[1+
√
−23
2

].
∆K = −23, n = 2, (r, s) = (0, 1).

BK =
1

2
· 4
π
·
√
23 ≈ 3.1 < 4 ⇒ BK ≤ 3.

Èñïîëüçóåì òåîðåìó Âèåòà äëÿ êîðíåé 1+
√
−23
2

è 1−
√
−23
2

.
Òîãäà µ 1+

√
−23
2

(X) = X2 −X + 6.

� p = 2 : X2 −X + 6 ≡ X(X + 1) ⇒ (2) = p2p
′
2.

p2 = (2, 1+
√
−23
2

).

p′2 = (2, 3+
√
−23
2

).

� p = 3 : X2 −X + 6 ≡ X(X + 2) ⇒ (3) = p3p
′
3.

p3 = (3, 1+
√
−23
2

).

p′3 = (3, 5+
√
−23
2

).

Âîçìîæíî, ÷òî ClK = ⟨[OK ], [p2], [p
′
2], [p3], [p

′
3]⟩. Ïðîâåðèì ýòî.

Ñïåðâà ïðîâåðèì, ÿâëÿåòñÿ ëè p2 ãëàâíûì èäåàëîì.
Åñëè ÿâëÿåòñÿ, òî p2 = (α);α ∈ OK ⇒ α = a+ b1+

√
−23
2

, ãäå a, b ∈ Z.
NK(p2) = NK(p

′
2) = 2.

NK(p3) = NK(p
′
3) = 3.
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NK(p2) = (a+ b
2
)2 + 23b2

4
= a2 + ab+ 6b2.

Òîãäà (2a+b)2

4
+ 23b2

4
= 2 è (2a+b)2+23b2 = 8 � íå ñóùåñòâóåò òàêèõ a, b ∈ Z ⇒ p2

íå ýêâèâàëåíòåí OK .
p2p

′
2 ∼ OK .

Àíàëîãè÷íî, p′2, p3, p
′
3 íå ýêâèâàëåíòíû OK .

Ðàññìîòðèì p22 = (α), α = a+ b1+
√
−23
2

.

N(p22) = 4 = (2a+b)2

4
+ 23b2

4
⇒ (2a+ b)2 + 23b2 = 16 ⇒ b = 0, a = ±2.

Òàêèì îáðàçîì, p22 = (2) = p2p
′
2 ⇒ p2 = p′2 � ïðîòèâîðå÷èå � çíà÷èò, p

2
2 ̸∼ OK .

Ðàññìîòðèì p32. Ïóñòü
1+

√
−23
2

= θ. Òîãäà

p32 = (2, θ)(2, θ)(2, θ) = (4, 2θ, θ2)(2, θ) = (4, 2θ, θ − 6)(2, θ) = (4, 2θ, θ − 2)(2, θ) =

(4, 4, θ − 2)(2, θ) = (8, 4θ, 2θ − 4) = (8, 8
√
−23) = 8(1,

√
−23) = 8OK .

Ïîëó÷àåòñÿ, p32 ∼ OK ⇒ ord(p2) = 3.
p2p

′
2 = (2) ∼ OK , òîãäà p′2 ∼ p−1

2 = p22.
Ðàññìîòðèì p2p3 = (2, θ)(3, θ) = (6, 2θ, 3θ, θ − 6) = (6, 2θ, 3θ, θ) = (θ − θ2, θ) =
θ(1− θ, 1) ∼ OK .
p3p

′
3 = OK ⇒ p′3 ∼ p−1

3 ∼ p2. Ñëåäîâàòåëüíî, ClK = {[OK ], [p2], [p
2
2]}.

8 Åäèíèöû (units)

Ïóñòü R � êîëüöî â K, R∗ � ãðóïïà îáðàòèìûõ ýëåìåíòîâ (ãðóïïà åäèíèö
÷èñëîâîãî ïîëÿ). Ðàññìîòðèì K∗ = {a ∈ K | a ̸= 0}. Òîãäà K∗ = K{0}.

Îòìåòèì, ÷òî Z∗ = {±1} è áóäåì îáîçíà÷àòü OK∗ = U(K).

Ïðåäëîæåíèå 1. Ïóñòü K � ÷èñëîâîå ïîëå. Òîãäà U(K) = {α ∈ OK | N(α) =
±1}.

Òåîðåìà 1. Ïóñòü K = Q(
√
−d), d ñâîáîäíî îò êâàäðàòîâ è d > 0. Òîãäà

1. Åñëè d = 1 (K = Q(i)) ⇒ U(K) = {±1,±i}.

2. Åñëè d = 3 (K = Q(
√
−3)) ⇒ U(K) = {±1,±ζ,±ζ2}, ãäå ζ = e

2πi
3 =

−1+
√
−3

2
.

3. Âî âñåõ äðóãèõ ñëó÷àÿõ U(K) = {±1}.

Îïðåäåëåíèå 1. Îïðåäåëèì η(K) = {ϵ ∈ U(K) | ord(ϵ) < ∞} � ãðóïïà
êðó÷åíèÿ åäèíèö ÷èñëîâîãî ïîëÿ. Îòìåòèì, ÷òî η(K) = ⟨ζ⟩ � öèêëè÷åñêàÿ,
ãäå ζ � êîðåíü èç åäèíèöû.

Åñëè K èìååò, êàê ìèíèìóì, îäíî äåéñòâèòåëüíîå âëîæåíèå σ : K ↪→ R,
òîãäà η(K) = {±1}.

Òåîðåìà 2. (Äèðèõëå î åäèíèöàõ) Ïóñòü K � ÷èñëîâîå ïîëå, (r, s) � ïîä-

ïèñü K, t = r+s−1. Òîãäà U(K) � êîíå÷íî ïîðîæä¼ííàÿ ãðóïïà ðàíãà t. Êðîìå
òîãî, ∃ϵ1, ..., ϵt ∈ U(K), òàêèå, ÷òî ∀ϵ ∈ U(K) îäíîçíà÷íî ïðåäñòàâëÿåòñÿ â

âèäå: ϵ = ω · ϵn1
1 · ϵnt

1 , ãäå ω ∈ η(K), ni ∈ Z.
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Ïðèìåð 4. Ðàññìîòðèì K = Q(
√
2).

1 +
√
2 � åäèíèöà â Z[

√
2]. Ñëåäîâàòåëüíî, 1 +

√
2 ∈ U(K).

U(K) = {±(1 +
√
2)m | m ∈ Z}, (r, s) = (2, 0) ⇒ t = 1.

1 +
√
2 ∈ OK = Z[

√
2].

N(1 +
√
2) = −1 (èç ïðîèçâåäåíèÿ ñîïðÿæ¼ííûõ).

1 +
√
2 = ±ϵn, ϵ = a + b

√
2. Òîãäà 1 +

√
2 = ±(a + b

√
2)n. Ðàññìîòðèì σ1, σ2 :

K ↪→ R. Òàêèì îáðàçîì, äëÿ u, v ∈ Q.

� σ1(u+ v
√
2) = u+ v

√
2.

� σ2(u+ v
√
2) = u− v

√
2

Èìååì 1−
√
2 = ±(a−b

√
2)n, òîãäà |a+b

√
2| ≤ |1+

√
2| 1n è |a−b

√
2| ≤ |1−

√
2| 1n .

Ïî íåðàâåíñòâó òðåóãîëüíèêà:

|b| ≤ 1
2
√
2

(
|1 +

√
2| 1n + |1−

√
2| 1n

)
, ãäå |1 +

√
2| ≈ 2.4 è |1−

√
2| ≈ 0.4.

Ïóñòü n ≥ 2, òîãäà |1 +
√
2| 1n ≤ |1 +

√
2| 12 ≤

√
2.5 ≤ 1.6.

Àíàëîãè÷íî, |1−
√
2| 1n ≤ 1. Òàêèì îáðàçîì, |b| ≤ 1.6+1

2
√
2
< 1 ⇒ b = 0.

Ïîëó÷àåì ïðîòèâîðå÷èå, ÷òî N(ϵ) = a2 − 2b2 = ±1 ⇒ a = ±1 ⇒ ϵ = a = ±1.
Çíà÷èò, n < 2 ⇒ n = 1.
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