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1 ×èñëîâûå ïîëÿ

1.10 Ðàñøèðåíèÿ ÷èñëîâûõ ïîëåé è ïîëÿ àëãåáðàè÷åñêèõ

÷èñåë

Ëåììà 3. Ïóñòü L � êîíå÷íîå ðàñøèðåíèå ÷èñëîâîãî ïîëÿ K. Òîãäà L � òîæå

÷èñëîâîå ïîëå.

Òåîðåìà 5. Ïóñòü α, β ∈ C � àëãåáðàè÷åñêèå. Òîãäà α ± β, αβ, α
β
� òîæå

àëãåáðàè÷åñêèå ÷èñëà.

Ïðèìåð 10. Ðàññìîòðèì µα(X) = X106 + 3X9 + 5X8 − 11X4 + 72 è µβ(X) =
X99999 + 7777X − 11111

35353535
. Â ñèëó òåîðåìû 5 ñóùåñòâóåò µα+β(X).

Îïðåäåëåíèå 12. Q = {α ∈ C|α � àëãåáðàè÷åñêîå }.

Òåîðåìà 6. Q � ïîëå.

1.11 Íîðìû è ñëåäû

Ïóñòü K � ÷èñëîâîå ïîëå, α ∈ K,K/Q � âåêòîðíîå ïðîñòðàíñòâî. Ðàññìîò-
ðèì ëèíåéíûé îïåðàòîð mK,α : K → K, θ 7→ αθ. α 6= 0. Òîãäà mα � èíúåêòèâíî
è ñþðúåêòèâíî. Ñëåäîâàòåëüíî, mα � èçîìîðôèçì K íà ñåáÿ (êàê âåêòîðíîãî
ïðîñòðàíñòâà).

Îïðåäåëåíèå 13. TrK/Q(α) = Trace(mα) ∈ Q, NK/Q(α) = det(mα) ∈ Q.

Ëåììà 4. Ïóñòü d 6= 0; 1 � öåëîå, ñâîáîäíîå îò êâàäðàòîâ, K = Q(
√
d). Òîãäà

TrK/Q(a+ b
√
d) = 2a, NK/Q(a+ b

√
d) = a2 − b2d.

Ïðåäëîæåíèå 1. Ïóñòü α, β ∈ K, òîãäà TrK/Q(α+β) = TrK/Q(α)+TrK/Q(β),
NK/Q(αβ) = NK/Q(α)NK/Q(β).

Ïðèìåð 11. Ïóñòü f = X3 + 2X + 2, θ � êîðåíü f â êóáè÷åñêîì ðàñøèðåíèè
Q. Òîãäà θ3 = −2θ − 2, ïðè÷åì 1, θ, θ2 � áàçèñ Q(θ)/Q.

� mθ2(1) = 0 · 1 + 0 · θ + 1 · θ2
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� mθ2(θ) = −2 · 1− 2 · θ + 0 · θ

� mθ2(θ
2) = 0 · 1− 2 · θ − 2 · θ2

Mθ2 =

0 −2 0
0 −2 −2
1 0 −2


Ñîîòâåòñòâåííî, Tr(θ2) = −4, N(θ2) = 4.

1.12 Õàðàêòåðèñòè÷åñêèé ìíîãî÷ëåí

Îïðåäåëåíèå 14. Ïóñòü K � ÷èñëîâîå ïîëå, α ∈ K. χK,α ∈ Q[X] � õàðàêòå-
ðèñòè÷åñêèé ìíîãî÷ëåí mK,α, è ýòîò ìíîãî÷ëåí âñåãäà óíèòàðíûé.

Íà ïîñòðîåíèè õàðàêòåðèñòè÷åñêèõ ìíîãî÷ëåíîâ îñíîâàí åù¼ îäèí ìåòîä
íàõîæäåíèÿ ñëåäîâ è íîðì.

Ïðèìåð 12. Q(
√
d), α = a+ b

√
d

Mα =

(
a bd
b a

)
; χα =

∣∣∣∣X − a −bd
−b X − a

∣∣∣∣ = X2 − 2aX + 4X + (a2 − b2d).

Òåîðåìà 7. Ïóñòü K � ÷èñëîâîå ïîëå, α ∈ K. Òîãäà

1. degχα = [K : Q].

2. Ïóñòü χα = Xn + an−1X
n−1 + ... + a0, òîãäà Tr(α) = −an−1, N(α) =

(−1)na0.

3. χα(α) = 0.

Ëåììà 5. Ïóñòü K = Q(α) � ÷èñëîâîå ïîëå. Òîãäà χα(X) = µα(X).

Ïðèìåð 13. Ïóñòü α � êîðåíü íåïðèâîäèìîãî íàä Q ìíîãî÷ëåíà X3−2X−2.
Òîãäà

� µalpha(X) = X3 − 2X − 2 = χα(X).

� Tr(α) = 0.

� N(α) = (−1)3(−2) = 2.

Ëåììà 6. ÏóñòüK ⊂ L � ÷èñëîâûå ïîëÿ, α ∈ K. Òîãäà χL,α(X) = χK,α(X)[L:K].

Â ÷àñòíîñòè, åñëè K = Q(α), òî χL,α(X) = µK,α(X)[L:K].

Ïðèìåð 14. Ðàññìîòðèì α = a+ b
√
5, a, b ∈ Q, L = Q(

√
5,
√
6). Èìååì:

� mα(1) = a · 1 + b ·
√
5 + 0 ·

√
6 + 0 ·

√
30.
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� mα(
√
5) = 5b · 1 + a ·

√
5 + 0 ·

√
6 + 0 ·

√
30.

� mα(
√
6) = 0 · 1 + 0 ·

√
5 + a ·

√
6 + b ·

√
30.

� mα(
√
30) = 0 · 1 + 0 ·

√
5 + 5b ·

√
6 + a ·

√
30.

M ′
α =


a 5b 0 0
b a 0 0
0 0 a 5b
0 0 b a

 ; M ′ =

(
MK,α

MK,α

)

χL,α = det(I4X −M ′
L,α) = (det(I2X −MK,α))

2 = χK,α2 = ((X − a)2 − 5b2)2.

Ïðèìåð 15. Ðàññìîòðèì f(X) = X3 + X + 1, θ � êîðåíü f(X). Òîãäà θ3 =
−θ − 1. Åñëè K = Q(θ), òî [K : Q] = 3 è 1, θ, θ2 � áàçèñ K/Q.

Ïóñòü α = 1 + θ + θ2. Èìååì:

� mα(1) = 1 · 1 + 1 · θ + 1 · θ2.

� mα(θ) = θ + θ2 + θ3 = −1 · 1 + 0 · θ + 1 · θ2.

� mα(θ
2) = −1 · 1− 2 · θ + 0 · θ2.

M =

1 −1 −1
1 0 −2
1 1 0

 ; det(M) =

∣∣∣∣∣∣
X − 1 1 1
−1 X 2
−1 −1 X

∣∣∣∣∣∣ = X3 −X2 + 4X − 3

χL,α(X) = χK,α(X)[L:K], [L : K] = 1⇒ detM = µ(α).

Çàìå÷àíèå 1. Ïóñòü K ⊂ L � ÷èñëîâûå ïîëÿ, α ∈ K. Òîãäà

1. TrL/Q(α) = [L : K] · TrK/Q(α).

2. NL/Q(α) = NK/Q(α)
[L:K].
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