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5 Íîðìû èäåàëîâ

5.1 Îñíîâíûå îïðåäåëåíèÿ

Îïðåäåëåíèå 1. Ïóñòü a ̸= 0, a ⊂ OK , òîãäà N(a) = |OK/a| = (O+
K : a+).

Ëåììà 1. Ïóñòü a ̸= 0 � èäåàë, p ̸= 0 � ïðîñòîé èäåàë. Òîãäà ∃α ∈ a − ap,
òàêîå, ÷òî a = (α) + ap.

Ëåììà 2. (OK : p) = (a : ap) � èíäåêñ ïî ïîäãðóïïå.

Òåîðåìà 1. 1. Ïóñòü p1; ...; pn � íåíóëåâûå ïðîñòûå èäåàëû, òîãäà

N(p1 · ... · pn) = N(p1) · ... ·N(pn).

2. Ïóñòü a, b � íåíóëåâûå èäåàëû, òîãäà N(ab) = N(a)N(b).

5.2 Âû÷èñëåíèå íîðì èäåàëîâ

Òåîðåìà 2. Ïóñòü K � ÷èñëîâîå ïîëå ñòåïåíè n, a � íåíóëåâîé èäåàë, a ⊂
OK. Òîãäà a+ � ïîäãðóïïà â O+

K ðàíãà n. Êðîìå òîãî, åñëè δ1, ..., δn � öåëûé
áàçèñ äëÿ a è ω1, ..., ωn � öåëûé áàçèñ OK, òî

N(a) =

∣∣∣∣ D(δ1, ..., δn)

D(ω1, ..., ωn)

∣∣∣∣ .
Òåîðåìà 3. Åñëè b = (β), β ∈ OK, òî N(b) = |NK/Q(β)|.

Ïðèìåð 1. Ðàññìîòðèì K = Q(
√
15). Ïîñêîëüêó 15 ̸≡ 1 (mod 4), òî 1,

√
15 �

ýòî öåëûé áàçèñ.

Ïóñòü a = (7, 1 +
√
15) = 7OK + (1 +

√
15)OK .

Òàê êàê ðàíã OK ðàâåí 2, òî OK = 1 · Z⊕
√
15 · Z.

a ïîðîæäàåòñÿ ýëåìåíòàìè 7,
√
15, 7

√
15, 1 +

√
15,

√
15(1 +

√
15).
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Îáîçíà÷èì x1 = 1, x2 =
√
15. Òîãäà a ïîðîæäàåòñÿ 7x1, 7x2, x1+x2, 15x1+x2.

Ñëåäîâàòåëüíî, OK/a ∼= ⟨x1, x2|7x1, 7x2, x1 + x2, 15x1 + x2⟩.

Çàïèøåì â âèäå ìàòðèöû äâà âåêòîðà êîýôôèöèåíòîâ ïåðåä x1 è x2 â
ýëåìåíòàõ, ïîðîæäàþùèõ a:(

7 0 1 15
0 7 1 1

)
⇒
(
1 0 0 0
0 7 0 0

)
.

Èìååì OK/a ∼= Z/(1 · Z)⊕ Z/(7 · Z) ∼= Z7. Òîãäà N(a) = (O+
K : a+) = 7.

Äîêàæåì, ÷òî a � íå ÿâëÿåòñÿ ãëàâíûì èäåàëîì (îò ïðîòèâíîãî). Ïóñòü
a = (a · 1 + b ·

√
15), a, b ∈ Z, òîãäà

N(a) = |NK/Q(a+ b
√
15)| = |(a+ b

√
15)(a− b

√
15)| = |a2 − 15b2|.

Ïîëó÷àåì a2 − 15b2 = ±7 è a2 ≡ ±2 mod 5. Î÷åâèäíî, ÷òî íå ñóùåñòâóåò
a ∈ F5, óäîâëåòâîðÿþùåãî äàííîìó ñðàâíåíèþ. Ñëåäîâàòåëüíî, íå ñóùåñòâóåò
a+ b

√
15, òàêîãî, ÷òî a = (a+ b

√
15).

Ëåììà 3. (1) Ïóñòü a ⊂ b, a, b ̸= 0 � èäåàëû â OK. a = b òîãäà è òîëüêî
òîãäà, êîãäà N(a) = N(b).

(2) Åñëè α ∈ a ⊂ OK, òî (α) = a ⇔ NK/Q(α) = N(a).

Ïðèìåð 2. Ðàññìîòðèì K = Q(
√
15), a = (17, 7+

√
15), N(a) = 17 = NK/Q(α).

Îòìåòèì, ÷òî åñëè α � àëãåáðàè÷åñêîå öåëîå, òî α = a + b
√
15. Ñîîòâåò-

ñòâåííî, 17 = |a2 − 15b2| ⇒ a2 ≡ ±2 (mod 5).

6 Òåîðåìà Äåäåêèíäà-Êóììåðà

Ëåììà 1. K � ÷èñëîâîå ïîëå, a ̸= 0, a ⊂ OK. Ïóñòü a = N(a). Òîãäà a ∈ a.

Òåîðåìà 1. Ïóñòü K(θ) � ÷èñëîâîå ïîëå, ãäå θ � àëãåáðàè÷åñêîå öåëîå; p
� ïðîñòîå è p ̸ | (OK : Z[θ]). Áóäåì ñ÷èòàòü, òî ìèíèìàëüíûé ìíîãî÷ëåí
ýëåìåíòà θ ðàñêëàäûâàåòñÿ íà ìíîæèòåëè ïî ìîäóëþ p:

µθ(X) ≡ f1(X)e1 · f2(X)e2 · ...fr(X)er (mod p),

ãäå fi ∈ Z[X] � óíèòàðíûå íåïðèâîäèìûå íàä Zp è ïîïàðíî âçàèìíî ïðîñòûå
ìíîãî÷ëåíû. Ïóñòü pi = (p, fi(θ)). Òîãäà pi � ïîïàðíî ðàçëè÷íûå ïðîñòûå
èäåàëû è (p) = pe11 pe22 ...perr ; N(pi) = pdeg fi.

Ïðèìåð 1. 1. Ðàññìîòðèì K = Q(
√
−30).

−30 ̸≡ 1 (mod 4), çíà÷èò, 1,
√
−30 � öåëûé áàçèñ ⇒ OK = Z[

√
−30]

⇒ (OK : Z[
√
−30]) = 1.

µ√
−30(X) = X2 + 30.
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� p = 2:
X2 + 30 ≡ X2 (mod 2) ⇒ (2) = 2OK = p22 = (2,

√
−30)2, N(p2) = 2.

� p = 3:
X2 + 30 ≡ X2 (mod 3) ⇒ (3) = 3OK = p23 = (3,

√
−30)2, N(p3) = 3.

� p = 5:
X2 + 30 ≡ X2 (mod 5) ⇒ (5) = 5OK = p25 = (5,

√
−30)2, N(p5) = 5.

� p = 7:
X2 + 30 ≡ X2 + 2 (mod 7) � íåïðèâîäèìûé ⇒ (7) = p7, N(p7) = 49.

� p = 11:
X2 + 30 ≡ X2 + 8 ≡ (X + 5)(X + 6) (mod 11) ⇒ (11) = p11,1 · p11,2;
p11,1 = (11, 5 +

√
−30), N(p11,1) = 11.

p11,2 = (11, 6 +
√
−30), N(p11,2) = 11.

N(p11,1 · p11,2) = N(p11,1)N(p11,2) = 121.

2. Ïóñòü K = Q(θ), ãäå θ = 3
√
6.

1, θ, θ2 � ýòî öåëûé áàçèñ ⇒ OK = Z[θ].
µθ(X) = X3 − 6.

� p = 5:
(5) = 5OK .
X3 − 6 ≡ X3 − 1 ≡ (X − 1)(X2 +X + 1) (mod 5).
(X − 1)(X2 +X + 1) = p5,1 · p5,2.
p5,1 = (5, 3

√
6− 1), N(p5,1) = 5.

p5,2 = (5, ( 3
√
6)2 + 3

√
6 + 1), N(p5,1) = 25.

Âîïðîñ: ÿâëÿþòñÿ ëè p5,1, p5,2 ãëàâíûìè èäåàëàìè?
Ïóñòü ζ � êîðåíü 3-é ñòåïåíè èç åäèíèöû.
N( 3

√
6− 1) = ( 3

√
6− 1)(ζ 3

√
6− 1)(ζ2 3

√
6− 1) = 5, ñëåäîâàòåëüíî,

p5,1 = (
3
√
6− 1).

Òîãäà 5OK = ( 3
√
6− 1) · p5,2.

p5,2 =

(
6− 1
3
√
6− 1

)
OK =

(
( 3
√
6− 1)(( 3

√
6)2 + 3

√
6 + 1)

3
√
6− 1

)
OK = ((

3
√
6)2+

3
√
6+1)OK .

� p = 2:
X3 − 6 ≡ X3 (mod 2).
p2 = (2, 3

√
6), N(p2) = 2.

2OK = p32.
N(2− 3

√
6) = (2− 3

√
6)(ζ2− 3

√
6)(ζ22− 3

√
6) = 2.

� p = 3:
X3 − 6 ≡ X3 (mod 3).
p3 = (3, 3

√
6), N(p3) = 3.

3OK = p33.
N(3− 3

√
6) = (3− 3

√
6)(ζ3− 3

√
6)(ζ23− 3

√
6) = 3.
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7 Ãðóïïà êëàññîâ èäåàëîâ

Îïðåäåëåíèå 1. Ïóñòü K � ÷èñëîâîå ïîëå, IK � ãðóïïà íåíóëåâûõ äðîá-
íûõ èäåàëîâ êîëüöà OK , PK � ãðóïïà íåíóëåâûõ ãëàâíûõ äðîáíûõ èäåàëîâ.
Ãðóïïîé êëàññîâ èäåàëîâ ÷èñëîâîãî ïîëÿ K íàçûâàåòñÿ ãðóïïà ClK = IK/PK ,
ñîñòîÿùàÿ èç êëàññîâ [a].

Çàìå÷àíèå 1. a ∼ b (ýêâèâàëåíòíû) ⇔ a, b ∈ [a] ⇔ ab−1 � ãëàâíûé ⇔ a =
γb, γ ∈ K.

Òåîðåìà 1. (Ìèíêîâñêîãî) K � ÷èñëîâîå ïîëå ñòåïåíè n ñ ïîäïèñüþ (r, s).
Îáîçíà÷èì

BK =
n!

nn
·
(
4

π

)s

·
√
|∆K |.

� ãðàíèöà Ìèíêîâñêîãî. Ïóñòü a ̸= 0 � èäåàë â OK. Òîãäà a ñîäåðæèò α ̸= 0,
òàêîå, ÷òî NK/Q(α) ≤ BK ·N(a).

Óòâåðæäåíèå 1. 1. |ClK | < ∞.

2. ClK ïîðîæäàåòñÿ {[p] | p � ïðîñòîé è N(p) ≤ BK}.

hK = |ClK | � êëàññîâîå ÷èñëî (÷èñëî êëàññîâ).

Ëåììà 1. Ïóñòü p � íåíóëåâîé ïðîñòîé èäåàë èç OK. Òîãäà ñóùåñòâóåò
åäèíñòâåííîå ïðîñòîå p, òàêîå, ÷òî p|pOK. Êðîìå òîãî, N(p) = pf , ãäå f �
íåêîòîðîå ïîëîæèòåëüíîå öåëîå.
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