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1.8 Íîðìàëüíûå ïîäãðóïïû è ôàêòîð-ãðóïïû

1.8.1 Íîðìàëüíûå ïîäãðóïïû

Îïðåäåëåíèå 1. Ïîäãðóïïà H ãðóïïû G íàçûâàåòñÿ íîðìàëüíîé (H /G), åñëè aH = Ha äëÿ

∀a ∈ G.

Òåîðåìà 1. H / G⇔ xHx−1 ⊆ H,∀x ∈ G.

Äîêàçàòåëüñòâî. Íåîáõîäèìî çíàòü.

1.8.2 Ôàêòîð-ãðóïïû

Îïðåäåëåíèå 2. Ïóñòü H /G. Ôàêòîð-ãðóïïîé ãðóïïû G ïî ïîäãðóïïå H íàçûâàåòñÿ ìíî-

æåñòâî:

G/H = {aH|a ∈ G}.

Òåîðåìà 2. Ïóñòü H /G. Ìíîæåñòâî G/H = {aH|a ∈ G} ÿâëÿåòñÿ ãðóïïîé îòíîñèòåëüíî

îïåðàöèè (aH)(bH) = abH.

Äîêàçàòåëüñòâî. Íåîáõîäèìî çíàòü.

1.8.3 Ïðèëîæåíèÿ ôàêòîð-ãðóïï

Åñëè G � êîíå÷íà è H 6= {e}, òî |G/H| < |G|.

Òåîðåìà 3. Ïóñòü G � ãðóïïà, Z(G) � åå öåíòð. Åñëè G/Z(G) � öèêëè÷åñêàÿ, òî G � àáåëåâà.

Äîêàçàòåëüñòâî. Íåîáõîäèìî çíàòü.

Òåîðåìà 4. (Êîøè) Ïóñòü G � êîíå÷íàÿ àáåëåâà ãðóïïà, p � ïðîñòîå è p | |G|. Òîãäà G èìååò

ýëåìåíò ïîðÿäêà p.
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1.8.4 Âíóòðåííåå ïðÿìîå ïðîèçâåäåíèå

Îïðåäåëåíèå 3. G íàçûâàåòñÿ âíóòðåííèì ïðÿìûì ïðîèçâåäåíèåì ãðóïï H è K (G =
H ×K), åñëè H / G,K / G, G = H ·K è H ∩K = {e}.

Îïðåäåëåíèå 4. Ïóñòü H1, H2, ...,Hn � íîðìàëüíûå ïîäãðóïïû â ãðóïïå G. Ãðóïïà G íàçû-

âàåòñÿ ïðÿìûì ïðîèçâåäåíèåì ýòèõ ïîäãðóïï, ò.å. G = H1 ×H2 × ...×Hn, åñëè

1. G = H1 ·H2 · ... ·Hn = {h1 · h2 · ... · hn|hi ∈ Hi};

2. (H1 ·H2 · ... ·Hi−1 ·Hi+1 · ... · ...Hn) ∩Hi = {e}; i = 1, n.

Òåîðåìà 5. Åñëè ãðóïïà G ÿâëÿåòñÿ âíóòðåííèì ïðÿìûì ïðîèçâåäåíèåì êîíå÷íîãî ÷èñëà

ïîäãðóïï H1, H2, ...,Hn, òî G ∼= H1 ⊕H2 ⊕ ...⊕Hn.

Òåîðåìà 6. Âñÿêàÿ ãðóïïà ïîðÿäêà p2, ãäå p � ïðîñòîå, èçîìîðôíà Zp2 èëè Zp ⊕ Zp.

Ñëåäñòâèå 1. Åñëè G � ãðóïïà ïîðÿäêà p2, p � ïðîñòîå, òî G � àáåëåâà.
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