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TOYKM N-Kpy4YeHus

Myctb n > 1, E — ananunTuyeckomn kpueas Hapg nonem K.
® [Mopspok Toukmn P € E, ord P — MUHMManbHoe n € N, T.u.

n-P=0
* TOuYKM N-Kpy4YeHUs1 — 3/IEMEHTbl MHOXEeCTBa:

En] = {P e E(K)|nP =0}



Cnyyan n = 2, charK =# 2

E:y? =f(x), degf(x) =3
[k
Yy =(x—e1)(x—e) (x—e3),e €K

VP € E: 2P = O & kacatenbHas { B P — BepTUKasbHas

y=20
{
E[2] = {O) (61)0)) (62) O)) (63, 0)} ~ 7y ® L.

BbiBoA: HaxoxaeHne Toyek 2-kpyyeHus npu charK # 2 &
HaxoXXAeHne KopHen f(x).



Cnyyan n = 2, charK =2

E:yz+xy:x3+azx2+a6 Eiyz+a3y:x3+a4x+a6

(as #0) (a3 #0)

(2 (8
P = (x,y), 2P = O = KacaTtenbHas K P — BepTuKanb = 3—5 =0

4 4

2y—x=0 3—5 =az

x=0(TK.2=0) az # 0 (MHave E — cuHrynsipHas)

(3 (3

Y’ = a E2] = {0}

E[2] = {O) (07 \/ae)} ~ 7



CTpyKTypa rpynnbl 2-Kpy4yeHus

Nemma 1
Ona annuntudeckon kpueon E Hag K BbINonHAETCA:

ER2l~Z, 87, npu char K # 2
E2] ~0unun E[2] ~ Z, npu charK = 2.



CTpyKTypa rpynnbl n-Kpy4yeHus

Mo>kHo nokasatb [Washington § 3.1], uTo:

E[3] = Z3 @ Z3, npu charK # 3
E[3] ~ O unn E[3] = Z3, npu charK =3

B o6bwem cnyyae:

Teopema
MycTb E — annuntnyeckasa kpmeasa Hag K un > N,. Torga:
® En] ~ Zn ® Zn, ecnu char K 1 n unum char K = 0,
®* Enl ~Zy & Zn v En] >~ Z,, & Z,» €ecnu charK =p > 0,
pmun=p"-n’ptn’

[Hok-Bo: [Washington § 3.2].



Tunbl KPUBbIX

MycTb annunTuyeckasa kpueasa E 3agaHa Hag K n char K = p.
Torpa:
* E[p] ~ Z, = kpuBas obbl4Has.
¢ E[p] ~ 0 = KpuBasa cynepcuHrynsipHas.
A He nyTaTb C CUHIYNAPHBIMN KPUBbIMU.



MHorouneHbl geneHus. Motusauusa

lNMpumMeHeHue:;
® onucbiBakoT oTobpaxeHnen: P —n - P
® CNONb3YKTCH B afirOpUTMeE NoAcYeTa TOYEK KPMBOM
® UCNONb3YKTCH B BbIYUCIIEHUSX U30rE€HUN



MHorouneHb! geneHus. OnpepenexHue

E:y?=x>+Ax+B

MHorouneHbl genenus ¥, € Zlx,y, A, B] onpegenstoTtca
pPeKypPPEeHTHbIMU COOTHOLLEHUSIMMU:

Po=0
Py =1
P =2y

P3 = 3x* + 6Ax? + 12Bx — A?
s = 4y? (x° + 5AX" + 20Bx* — SAT? — 4ABx — 2B? — A%)
Vo1 = Vmiohi, — O3y, m>2

hom = (29) " b (Gmi20h g — O obhiy), ™3

MonyyeHune: 3 GopmMyn CNOXeHUA B KoopanHaTax AKobu.



MHorouneHb! geneHus. CeoncTea

O V. € Z[x,y% A, B], ecnu n — HeyeTHoe
P € 2yZ[x,y?, A, B], eciu n — yeTHoe.
® Onpegenum

Pm =X 1|)%1 — W1 Pm

_ -1 2 2
wm = (4y) (wm+21bm—1 - wm—zlbm-ﬂ)
on € Z x4, A, B, ¥n
wn € YZ [x,yz,A, B} ,L.— HeYyeTHoe
wn €7Z {x,yz,A,B} ,TL — YeTHoe

© B MHorouneHnax \,,, o, MOXXHO caenaTb 3aMeHy
y?> — x>+ Ax + B. Torga

2
@n (x) =x™ + MOHOMbI CTeMeHn < n’
2
P2 (x) = n?x™ ' + MOHOMBI cTeneHn < n? — 1

[ok-Bo: [Washington, Lemma 3.3].



MHorouneHbl geneHusn

Teopema
Myctb E:y?> =x>+Ax+B,P = (x,y) € Enun € N,. Torga

np = <d)n (x) Wn (x) >
ba (%) (Wn (x,4))?

Taknm 06pa3om, oTobparkeHne (3IHAOMOPPU3M) «yMHOXKEHME
Ha n» 3agaeTcs paunoHanbHbIMU QYHKLMAMMW.



BunuHenHble oTo6paXkeHUn

MycTb E — annunTtuyeckas kpusaa HagnoneM Kun € Ny u
twn = {x € K|x™ = 1} — rpynna KopHewn cTeneHn n n3 eAnNHULbI.

Teopema (cnapuBaHue Beiins)
J oTo6pakeHue e, : E[n] x E[n] — u, CO cCBOWCTBAMMU:

0 en(T T) =1
O en(T,S) =en(S,T)!
O en(S1+S5,T) =en(S1,T)en(S2,T) (6nnuHesiHOCTb)
en(S, T + T2) = en(S, Th)en(S, T2)
Oe (ST =1,VT = S=0 (HEBbIPOXKAEHHOCTD)
(

en(ST)=1VS — T=0

[pyrvue 6unuHeriHble oTobpaXkeHus: cnapuBaHue TeilTa,
aTa-cnapvBaHue



BunuHenHble oTobparkeHus. MpunoxxeHus

CTteneHb BNOXKEHUs: MUHMManbHoe uenoe k T.4. E[n] C E(]Fqk).

e Ataka Ha DLOG: | (P)|=mn, Q =1P.
© Bbi6paTb cnyyaiHyto TOUKy R.
9 X = en(P’ R)
© B=en(Q,R) (B =en(lPR) = en(P,R)' = al)
O 1=DLOG(e, B) BFqx

¢ KoHCTpyKTMBHOE ncnonb3oaHue: ZCash, IBE, SIKE



JinTepaTtypa

a |. Blake u gp. Elliptic curves in cryptography. 1999.
a A. J. Menezes. Elliptic Curve Public Key Cryptosystems.
1993.

a8 L. C. Washington. Elliptic curves: number theory and
cryptography. 2008.

snovoselov@kantiana.ru

CTtpaHuua Kypca:
crypto-kantiana.com/semyon.novoselov/teaching/elliptic_curves_2021


mailto:snovoselov@kantiana.ru
https://crypto-kantiana.com/semyon.novoselov/teaching/elliptic_curves_2021

	Список литературы

