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MNMone onpepenexnus En|

E — annnntuyeckasn KpMBaﬂ Hapg nonem K = Iy, char K # 2, 3.
Toukm n-kpyyehnms: E[n] = {P € E (K) : nP = O}.
B cnyvae p { n:

En ~Z/M7Z x Z/nZ

[
Enl = {O) (Xh y]) yeer (Xm» ym)})

raem =n?— 1.

I

Mone, B koTopoM NexuT E [n] (pacwumpeHue K), MOXHO
3anucarb Kak

KE)n = K(X],U],--qu)ym)

[KE’nZK]:d<OO



MoTusauus

3aueM Hy>)XHO HaxoguTb E[n]?
© HaxoxnaeHue Todek u3 E[n] —yacTb NOIMHOMMUANBHbBIX
anroputMoB BbluncieHnsa #E(Fq).
@ d = [Kg, : K] — cTeneHb BoxeHus, Kg , — none
ornpeaernieHns cnapmBaHus Bennsi e, : E[n] x E[n] — w,.
[l

cnoxHocTb DLOG B E(FFy) = cnoxHocTb DLOG B Fqa



MHorouneHbl geneHusn

Kak Bbluncnutb E[n]?
PaccMmoTpuM MeTof Ha ocHOBe akTopu3aL MM MHOMOY1EHOB
nenexus (13 nekumm N2 3):

* Y, € ZIx,y,A,B]
® Pm =X- 11)3,1 — Y1 Pm—i
1
* wm=go (W2 ) = b 22,.5)
CnoxxeHue To4YKM P ¢ camoi coboi n pas:

N on(x)  wn(x)
nP= <wa(x)’ w;’z(x,y)> '




Haxo)xpaeHue E[n]

Nlemma

MHorouneHbl @, M % € K [x] — B3aMMHO MpoCTbl, ecin
A(E) # 0. Te. gn1a E — aAMNTNYECKON KPUBOH, by, 2 —
B3aUMHO MpPOCThl.

< OokasaTtenbcTtBo: [Lang, Il 2.3].>

CnepctBue
MycTb P = (x,y) € E(K). TorganP = O & P (x) = 0.



Haxo)xpaeHue E[n]

2

P2 (x) =n?x™ 4. (Washington, §3.2)

®dakTtopusyem P, B Fqx].

rae f, — HenpuBoAuMble Haj F.
3amMeuaHue
® Bce f; pasfin4Hbl
* B E[n] Bceron? — 1 Toyek # O
e VP; € E[n] umeem —P; € E[n]
e degn(x) = % = Pn(x) meeT % KopHeit B Fq 1
KaXk[blil KOpeHb KpaTHOCTK 1 (MHaye Mbl UMesn 6bl
MeHblle yeM n? — 1 Touek # O B E[n]).



OnpepeneHue cTeneHn BNoXkeHus d

OnpegenuM d = [Kg , : K] # 0 n3 pasnoxenusn \,, Hag F:

PYp=Ffr-...-Fp

Teopema

MycTb n — npocToe > 2, K = Fg, n # char(K), d; = degf;,

t =lem(ds,...,dy). MyeTb K¢ | = K(x1y. ..y %n2_1), TAE X4 —
x-KOOpAMHaTbl TOYeK n-Kpy4yeHus. Torga

[Kl,:_,n : K]l =4

Kpome Toro, [Kgp : Ké’n] = 1,160 2. To ecTb d = £ nn60o 2L.

AIg TM. Yy = \/mgKém:]qu — d=20.B
npoTuBHOM cnyvae: d = {. >



0606w,eHHbIN cuMmBon JlexxaHgpa

OnpepeneHune
K =Ty, x € K. KapaTuuHblit xapakTep (i) — aT0

1, JyeK:y?=x

(%) =<—1, yeK:y*=x
0, x =0.
(2
4yT06bI onNpeaennTb d = £ nnn d = 2{, He06XOANMO BbIYUCINUTD
xf’ +ax;+b
qu ’

Vxi — KOpHeWn .



Jlemma
Ecrim K =Fq u d = [Kgn : K], 70 q¢ = 1 mod n. B yacTHocTy,
ord(q,n)|d.

3amMeyaHue

Tak kak DLOG Ha E(Fq) cBoauTCs B ' a ANSt NPOBEPKM
6€30MacHOCTU JOCTATOYHO NMPOBEPUTD, UTO q’il Z 1 mod n anga
d < 1000 (Tpe6oBaHue FOCT u gp.).



Jlemma (van Tuyl)

MycTb f; — HENPUBOAUMbIN MHOTOYSIEH B Pa3/IOXXEHUN Py, T .
2d; 1 ¢, di = degf;. Monoxum

d* =lem(ord(qg,n), di),

<x§—|—ax—|—b
c= |t ————

rpe fi(x;) = 0.
qui > y pl 1(X1)

Torpa
de ¢, ecnnc=1nd*{
12t wHave.

* JleMMa NO3BOJSIIET PAaCCMOTPETb NULLb OAUH f; (U ero
KOpeHb x;) ANs onpeaenexus d.



Anroputm Bbluncnenus d = [Kg, : K]

Bxop: E/Fq :y?> =x% + ax +b,n > 3 — HeuéTHoe.
Bbixog: d TU. E[n] C E(Iqu).

@ MocTpoutb Py, € Fylx]

@® daktopusosatb P, =f7-... T,

©® (:=lcm(degfy,...,degf;)

@ Bbi6paTtb f; T.U. 2 - deg f; 1 £

3 .+ b
© BbluncnuTtb ¢ = (W) rAe x; — KOpeHb f;.
qdi
0O ifc=-1:
return d = 2¢

@ d* = lem(ord(q,n), di)
ifd*=Lor{=mn-d*
returnd = ¢
returnd = 2¢(



® ANropuTM MOXeT 6bITb afanTMPOBaH A1 BbIYMCNEHUS
caMOoW rpynnbl TOYeK n-KpyyeHus E[n], ecnun ans x; —
KOPHSA fi, BbIYUCNATb COOTBETCTBYIOLME Y;

e anan = 2, E[n] BblunCAseTca pa3noXXeHMeM MHOMoU1eHa
x> 4+ ax + b (cM. nekumio # 3)

e anan=1,En] ={0}



OLeHKa CJ/TI0XXHOCTH

e lWar 1. degp, = # lpy6o: poly(n).

e lllar 2. dakTopusaumsa MHorodneHa [MCA, Th. 14.14]:
O((degbn)*log” q).

e Llar 5. 0606wWEHHbIN cumBon JlexxaHapa (CohenFrey+05,
Alg. 11.69): poly(n) (rpy60).

e Llar 7. CBogutcsa K dakTopmsauumn n — 1. Bpems: L,,(1/3).
UToro: poly(n) log g onepauui B IFy,.
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