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TecT Ha npocToTy Munnepa-Pa6buHa

Manas Teopema ®epma

aP~" —1=0 (mod p), p — npocToe, p { a.

p—1=2%.q, q— HeyéTHoe

1
' —1= (a1 (2T =
— (=)@ ) (@) (a4 1)

® p — NPOCTOE — p AENUT OAUH U3 MHOXUTeNen, T.e.
BbINOJSIHAETCA OAHO U3 YCNOBUN:

zk—I,q

a’=1a =—1,...,a9=-1 (1)

® p — He MpocToe —> Ja:Bce cpaBHeHus (1) He
BbINOJIHAOTCSA



Mpes: ons NpoBepKM 1 Ha NPOCTOTY BbIGUPAEM criy4aitHoe
yueno q, ged(a,n) = 1 n npoeepsieM (1) No Mmoagynto n.
k—1
e Yucnoaty. a¥#1,a?" 9% —1,...,a9 £ —1
Ha3blBaeTCcA cBMAeTeNeM, YTO n — COCTaBHOE.



Anroputm (Miller-Rabin)

Bxoa: n, a.

Bbixog,: «COCTaBHOE» UM «BO3MOXHO MPOCTOE»
@ n —1=2%q, g — HeyéTHoe
® a=a%modn

@ ifa=1modn:
return «BO3MOXXHO npocToe»

O fori=0...k—1
® ifa=—-Tmodn
return «cBO3MOXXHO npocTtoe»
O a=a’modn
o return «cocTaBHOE»



[nsa npoBepku Ha NPOCTOTY:

® anroputm BbinonHsaeTcs K pas gns cnyvyanmHbix
ac2,n—2]

* Bpems pa6oTbl: O(K log® n)
° BEpPOATHOCTb OLIMBKM: 22K



TecT Ha NPOCTOTY Ha A/IMNTUYECKUX KPUBbIX

3apava: Mo faHHOMY (60/1bLLIOMY) YMCITY p OMPELEenUTD,
SIBNIAAETCS /N p NMPOCTbIM YUCIIOM U, ECNN [13, BbIBECTH
L0KasaTenbcTBo (cepTudukar) NpocToThI p.

® caMbl BbICTPbIA Ha CEroAHALHWUN AEeHb BEPOATHOCTHbIN
anroput™ npeanoxeH Goldwasser-Killan B 1986

® C ynyyweHussMu BpemMsa paboTbl = poly log p, NpoBepKa
cepTudurkaTa NpoCcToThl: O(log4'p)



* nerepMuHUpoBaHHble anroputmbl (Cohen-Lenstra’1984)
paboTaloT 3a KBa3n-NMOJIMHOMMasbHbIE OT log p Bpems
(logp)O(loglogp)

— MPUroAHbI TOJIbKO A1 HEBONbLUNX YMcen p.
Npes anroputma Goldwasser-Killan: samenuTtb rpynny Z.° B
anroputme Munnepa-PabvHa Ha E(Z,,).



|. MpepBapuTenbHble CBeAeHUA

Teopema (O pacnpegeneHnn NOPAAKOB CiyyYalHbIX
3/IMNTUYECKNX KPUBDIX)

Myctbp >5—-npoctoe, SC [p+1—[/pl,p+1+[/Plln
A,B « [F,. Toraa 3 ¢ — KOHCTaHTa, T.u.

c S| — 2
logp 2|yp|+1’

roe #Eap(Fp) —uncnotovek HaEap 1y = x3 4+ Ax + B.
< [lok-Bo: Lenstra’1987

Pr [#EA,B (Fp) €S] >



* HedopmanbHasa nHTepnpeTaumns TeopeMbl: YACIO0 TOYEK
Ea B BEAET cebs KaK CllyqaHoe YMCIo U3 UHTepBana

P+1-Lvplp+1+ V7]



Jlemma
MNyctbn € Z, 2,31 n;p > 3 — NPOCTOM AeNuTeNb n U
4A3 4 27B% # 0 mod p.

e [ina no6oro x € Z/nZ 3afafiuM x, := x mod p.

* [1na mo6on Toukn L = (x,y) € Ex g(Z/nZ) 3apagum

Lp = (Xp>9p) € EA,B(Fp)-

Torpa VL,M € Ea g(Z/nZ), ecnn L + M onpepeneHo, To
(L+M), =L, + M,.



Teopema (Kputepmii npocToTbl)
Myctbn € Z, A,B € Z/NZ T.M. 2,3 {n 1 ged(4A3 + 27B%,n) = 1.
Myctb L # oo Ha Ea g(Z/nZ). Torpa:

3 npoctoe q > (n'/4 +1)2, T.u. gL = co —> n — npocToe.



< OT NPOTUBHOrO: NYCTb . — COCTaBHOE = Jp > 3, T.U. p/nu
p<vn
e 3ameTtuM: ged(4A3 + 27B2,p) # 0 mod p.
WMHaue: npotusopeyme ¢ ged(4A3 +27B%,n) = 1.
* Torpa no Jlemme nmeem L, € Exg(Fp) 1
q-Lp =(qLl)p = oop = 00 = ord(L,) AOMKEH AENUTD (.
* [lo Teopeme Xacce- BeVlnﬂ
ord(L,) < #Eap(F \f+12< 4 +1)2 <q.
* 370 npomsopetme, 3HayuT, n — NpPOCTOe. I



Il. AnropuTM: TecT Ha NPOCTOTY

Npen: CBeaém foKasaTeNIbCTBO MPOCTOThI p K
AoKasaTeNbCTBY NPOCTOThl g < § + o(p), pexypcusHo
NPUMEHUM anropuTM K ¢, NoKa He Nony4ymMm AOCTaTOYHO
MaJioe 3HaYeHue q — TaKoe, YTO eTepMUHUPOBaHHbIe TeCTbI
6yayT 9pdeKTUBHbI.

* [1na 3afaHHOro p, NOCTPOUM KpuBYto Ea g Hap IF, €
Toykou L nopagka q = p/2.



Anroputm 1. Gen_curve

Bxop: p
Bbixop: A, B, q
© A,BE F,, T.u. (4A3 +27B% p) = T M #E(F,) =0 (mod 2)
O q=H#EAp(F,)/2
if2qumm3|q
nepentu K wary 1
© 3anycTuTb BEPOATHOCTHbIW anropuTM NPOBEPKN q Ha

npocToTy (Munnepa—Pa6uHa) Ha O(log p) waros (T.e.
4TO6bl BEPOATHOCTb OLLINGKM Bbinia ~ 27 108P),



Anroputm 2. Find_point

Bxoa: p,q, A, B.
Bbixop: Touka L € E(F,) nopsaaka q.

0x<§IF T.4.x% + Ax + B — kBagpat B F,
Qyﬁ{i\/ﬁ—k/\x—k } L:=(x,y)
© ifq-L#oc:

nepenTn K wary 1.
O return L



Anroputm 3. Prove_prime

Bxopa: p, LB — uncno 6uT B uncne Takoe, 4To
AeTepMUHMPOBaHHbIe anropuTMbl NPOCTOTbl 3O PEKTUBHbI
ON] 3TOro YmMcna.

Bbixog: cepTudmkaTt npocToThl

0 i= O)pO =P
© while p; > 2IB:
2.1 (A4, Bi),pis1 < Gen_curve(p;)
2.2 L; « Find_point(pi,pi+1,A, B)
23 i:=1i41
2.4 ifi > (logp)°8l°8P unn 2 | p; um 3 | py
nepenTn K wary 1
© npoBepuTb p; Ha NPOCTOTY AETEPMUHUPOBAHHBIM
afnropMTMom
if He goKasaHo, YTO p; — NPOCTOE:
nepentu K wary 1

O return C = ((Ao, Bo), Lo, P1, -ry (Ai—1, Bi—1), Lic1, Pi-1)



KoppeKTHOCTb

® p — npoctoe. Toraa Bbixog C — cepTudumkar:
«CBUAETEeNbCTBO» MPOCTOThI p. Ha warax 2.1, 2.2 Mbl
nony4yaem Kpusyto Ea, g, M TOUKY L; nopaaka pi1,
yAO0BMeTBOPSOLWME yCroBuAM Kputepusa NpocToThl.

® p —cocTaBHoe. Torga nonyynm fenuTenu p Ha ware 3
(unu paHbLue) anroputMa Find_point(), aHanormyHo
anroputmy dakTopusauuu.



Cno)HocTb

Anr. 1. Gen_curve
CaMblIil 3aTpaTHbIM War — BblYUCEHUE #EA B(IFP)
— anroputMm Cxooda-ankuca-ATkumHa: O(log P).

Anr. 2. Find_point

CaMmble 3aTpaTHble waru:

War 1: x & [F, — KB. BblY€eT C BepoATHOCTbIO O(1).
LLar 4: 6bICTpOe YMHOXEHME Ha (:

O(log q - log” p) = O(log’ p)

Anr. 3. Prove_prime

Ha ware 2, p; yMeHblwaetca Ha 2 —> O(log p) ntepauni.
JoMuHupyrownin war: nogcy€eT Todek B Gen_curve

— ob6LLee BpemMs paboTbl: 6(log4p)

KonunuecTBo KpuBbIX E5 g, HE Y10BNETBOPAIOLLNX YCIIOBUAM
wara 1 B Gen_curve() = O(log® p) (eBpUCTMKA)



MNMpoBepka cepTudukara. Anroputm 4. Check_prime

Bxoa: po, C = ((Ao, Bo), Loy P1y ey (Aiz1, Bic1), Lict, Pi)
Bbixoa: {Reject, Accept}
Q@ forj=0..i—1:
(a) assert (21p;)
(b) assert (31 pj)
(c) assert (gcd(4A3 +27B7,p;) = 1)
(d) assert (pj1 > (p;"* +1)2)
(e) assertLj # oo
(f) assertpj 1L =00

@ return Accept



KoppeKTHOCTb

e Check_prime() Bo3BpalyaeT Accept = p; — npocToe =
pi_1 — npocToe no Kputeputo npocToThbl (= ...= po —
npocToe)

e Ycnosus (a),(b) npoeepsitoTcs Ha ware 2.4. anroputma 3.
Prove_prime

® (c) — war 1BA#r.1. Gen_curve
* (d) - Teopema Xacce-Beina: #Ea g (IFy,) > (/Pj — 1)? =

E(F,. T—1)2
pyor = ool s WO e gz 7

(Ans manbix p; NpoBepKa Ha NPOCTOTY TpUBMASIbHA)
¢ (e), (f) npoBepsitoTca B Find_point, war 3.



Bpems pa6oTbl

* MpoBepka kaxaoro p; : O(log® p) — war (f) camblit
3aTpaTHbIN.

* Bcero: O(logp) pasnuuHbix p; B cepTudukate
C = O(log’p).
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